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Abstract
Historically, poverty measurement relied primarily on the average income of the poor, assuming a regular distribution of income within society. Traditional measures were limited in their ability to represent the poorest segments or to reveal disparities within the population of the poor. Over the past decades, the field of poverty measurement has witnessed a qualitative evolution, moving from unidimensional income-based metrics to more comprehensive models that integrate statistical rigor with ethical and philosophical depth. In response to these limitations, this study developed new, fairer, and more realistic indicators to assess suffering of the poor by combining quantitative and social dimensions, utilizing advanced analytical tools that incorporate income, education, and working hours.
In Chapter Three, a novel indicator, Weighted Reversed Poverty Gap (WRPG), was derived. This index extends conventional poverty gap concept by introducing flexible social weights that differentiate poor individuals according to severity of their deprivation. WRPG embodies the ethical principle of “priority to the poorest”, assigning higher weights to individuals at the economic, analysis confirmed that new index satisfies the fundamental axiomatic properties of poverty measures: Focus, Monotonicity, Transfer Sensitivity, Scale Invariance, and Decomposability.
In Chapter Four, Multidimensional Weighted Reversed Poverty Gap was introduced as a natural extension of WRPG. It integrates multiple dimensions, namely income, working hours, and education level, through flexible social weights that capture disparities within the poor themselves. This index provides an advanced analytical framework for decomposing poverty by regions, social groups, or dimensions, making it a precise tool for policy targeting and decision-making toward most vulnerable populations. It also practically reflects Amartya Sen’s capability approach, redefining poverty as a deprivation of essential capabilities and human choices, rather than merely a lack of income. MWRPG strikes a balance between rigorous quantitative analysis and ethical social vision. the study presents a pioneering model for next generation of poverty indices, combining theoretical consistency, ethical depth, and practical applicability, thereby representing a significant scientific contribution to 21st-century poverty measurement tools. I did not just extend a poverty index, I redesigned the measurement framework to make it ethically aware, sensitive distribution, and policy relevant at the same time.
In applications and simulation results reflecting an increasing ethical sensitivity to poverty and confirming index’s alignment with distributive justice principles of Amartya Sen. Principal scientific contribution of this study is the reconceptualization of poverty measurement from a neutral descriptive framework to a rigorously normative and interactive one. The proposed index transcends mere quantification of poverty levels, incorporating an explicit reflection of social prioritization among the poor.
Consequently, the index functions not only as a quantitative assessment tool but also as an analytical instrument capable of informing policy decisions grounded in distributive justice, by precisely identifying those individuals who are most disadvantaged. In this regard, the study constitutes a substantive advancement in the field, shifting perspective on poverty from a purely statistical construct to an ethically informed phenomenon with deep distributive implications. This dissertation moves poverty measurement from counting the poor to understanding the structure of deprivation among them.
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Chapter One
Introduction

Chapter One
Introduction
1.1 Introduction
Poverty has long constituted a persistent global challenge to human well-being and remains one of the most pressing concerns confronting contemporary societies. Despite sustained economic and social progress that has markedly improved material living conditions across the globe, poverty continues to represent one of the most complex and multidimensional phenomena in development economics and social policy discourse (Sen, 1976; Atkinson, 1987; Ravallion, 2016).
Beyond its profound ethical significance, the rigorous measurement of poverty serves as a fundamental pillar for understanding the structure and dynamics of deprivation, monitoring progress toward international development objectives, and formulating evidence based poverty reduction strategies (Alkire & Foster, 2011; UNDP, 2025). Methodologically sound poverty indices provide coherent analytical frameworks for assessing the incidence, depth, and distributional patterns of poverty. Such frameworks inform targeted social interventions, guide the efficient allocation of public resources, and facilitate systematic evaluation of social protection programs and anti-poverty policies (Foster, Greer & Thorbecke, 1984; Alkire et al., 2015).
Over the past five decades, several seminal poverty measures have fundamentally shaped the field, including the Watts Index (1968), the inequality sensitive Atkinson measure (1970), pioneering Sen Index (1976), and Foster, Greer and Thorbecke (FGT) class of poverty indices (1984). These measures have been instrumental in establishing both the normative foundations and analytical infrastructure of poverty research at national, regional, and global levels.
Nevertheless, despite their theoretical rigor and widespread application, these conventional indices exhibit notable limitations. Primarily, they focus predominantly on income or consumption expenditure dimensions and consequently fail to adequately capture the inherently multidimensional nature of poverty and deprivation. Furthermore, they demonstrate insufficient sensitivity to inequality among the poor population (Kakwani, 1980; Zheng, 1997). Additionally, most traditional measures lack explicit social weighting mechanisms, thereby implicitly assuming uniform deprivation intensity across all poor individuals an assumption that fundamentally overlooks principles of distributive justice and the substantial heterogeneity within poor populations (Sen, 1992; Mahdy, 2017). Consequently, their normative and distributive capacity to adequately reflect the ethical and social dimensions of poverty remains significantly constrained.
 In response to these conceptual and empirical limitations, recent decades have witnessed a substantive paradigm shift toward multidimensional poverty measurement frameworks. The Alkire–Foster methodology (2011) and the United Nations Development Programme's Multidimensional Poverty Index (MPI) represent landmark contributions in this theoretical evolution, substantially broadening the conceptualization of poverty to encompass critical non-monetary dimensions including health, education, and living standards (Alkire and Santos, 2010; Alkire et al., 2015). These multidimensional approaches align closely with Amartya Sen's capability framework (Sen, 1997; Nussbaum, 2003) and have emerged as central instruments in contemporary global poverty monitoring and policy formulation.
However, these multidimensional measures continue to face substantive scholarly critique, particularly concerning the normative arbitrariness of dimensional weights and cut-offs, limited sensitivity to inequality within the poor population, and insufficient theoretical justification of their structural properties (Decancq and Lugo, 2013; Deyshappriya and Feeny, 2021; Decerf, 2023). These persistent theoretical and methodological gaps have motivated ongoing efforts to develop enhanced poverty indices that retain the normative rigor and axiomatic foundations of classical measures while systematically addressing the distributive, ethical, and social dimensions inadequately captured by both unidimensional and existing multidimensional approaches.
1.2 Problem Statement
Despite decades of sustained theoretical refinement and empirical advancement in poverty measurement, existing poverty indices remain fundamentally inadequate for capturing the full normative, distributive, and multidimensional complexity inherent in contemporary deprivation.
These conceptual and methodological limitations manifest across three interrelated yet distinct dimensions:
First, the absence of explicit and theoretically justified social weighting mechanisms that adequately reflect societal preferences regarding the distribution of poverty and deprivation across population subgroups.
Second, insufficient sensitivity to inequality among the poor, resulting in the potential under-estimation of poverty severity when deprivation is highly concentrated among particular segments of the poor population.
Third, normative arbitrariness in the assignment of dimensional weights within both unidimensional and multidimensional poverty frameworks, which undermines the robustness and policy relevance of poverty assessments and comparisons.
Collectively, these limitations constrain the capacity of current poverty measures to serve as reliable normative tools for policy design, resource allocation, and the evaluation of poverty reduction interventions.
1.2.1 Absence of Explicit Social Weighting Mechanisms
Conventional poverty measures whether unidimensional or multidimensional implicitly assume that all poor individuals experience equivalent levels of deprivation, thereby assigning equal social weight to each unit of poverty regardless of the identity or circumstances of the afflicted (Sen, 1976; Atkinson, 1987; Alkire and Foster, 2011). This uniform treatment fundamentally contradicts distributive justice principles that prioritize vulnerable subgroups, including the chronically poor, children, and marginalized populations. The systematic absence of explicit social weighting mechanisms undermines the normative capacity of poverty indices to reflect societal preferences and ethical priorities within frameworks designed to inform equitable policy design (Nussbaum, 2003; Mahdy, 2017; Rippin, 2017).
1.2.2  Limited Sensitivity to Inequality Among the Poor
Traditional income based measures, including the Headcount Ratio and Poverty Gap Index, as well as parametric specifications within Foster, Greer and Thorbecke (FGT) class (Foster, Greer & Thorbecke, 1984), exhibit critical insensitivity to distributional patterns below poverty line. These indices fail to distinguish between moderately poor and severely deprived populations, treating highly unequal poverty distributions as normatively equivalent to more egalitarian configurations. While ethically sensitive alternatives, such as Sen (1976) and Watts (1968) indices, theoretically address this limitation, their empirical adoption remains constrained by computational complexity (Mahdy, 2017; Decerf, 2023). This persistent insensitivity to intra-poverty inequality substantially limits both analytical rigor and ethical grounding of poverty assessments.
1.2.3 Arbitrariness of Dimensional Weights in Multidimensional Indices
Multidimensional poverty frameworks, particularly the Alkire–Foster methodology (Alkire and Foster, 2011; Alkire et al., 2015), have extended poverty analysis beyond monetary dimensions by incorporating health, education, and living standards. However, the allocation of relative weights across these dimensions frequently lacks transparent normative justification or robust theoretical foundations Decancq and Lugo (2013); Deyshappriya and Feeny (2021). This inherent arbitrariness undermines cross-country comparability and complicates policy interpretation (UNDP, 2025; Alkire et al., 2020), reflecting unresolved tensions between data driven, participatory, and normative approaches to dimensional aggregation.
Collectively, these limitations demonstrate that existing frameworks inadequately represent the complex, multidimensional, and ethically embedded nature of poverty, necessitating a novel measurement approach that integrates axiomatic rigor, explicit social weighting, enhanced inequality sensitivity, and coherent normative foundations grounded in distributive justice principles.
1.3 Critical Review of Contemporary Poverty Measurement (2000–2025)
The evolution of poverty measurement between 2000 and 2025 reflects a fundamental transition from traditional income-based approaches toward broader multidimensional frameworks capable of capturing complex nature of human deprivation.
1.3.1 Unidimensional versus Multidimensional Frameworks
Classical income based indices Headcount Ratio and Poverty Gap Index remain prevalent in international development assessments, particularly within World Bank frameworks (Deaton, 1997; World Bank, 2025), due to their computational simplicity and data parsimony. However, these measures fail to capture poverty depth, intensity, and multidimensional character. Conversely, Multidimensional Poverty Index (MPI), developed by Alkire and Foster (2011) and refined subsequently (Alkire et al., 2020), provides a comprehensive framework incorporating deprivations across health, education, and living standards, aligning with Sen's capabilities approach (1985, 1997). Egyptian data from CAPMAS (2017, 2018) illustrate this divergence: monetary poverty estimates of 29.7% contrast sharply with multidimensional assessments revealing higher deprivation levels and pronounced regional disparities invisible under income only frameworks.
1.3.2 Normative versus Empirical Approaches
Normative poverty measures, exemplified by Sen Index (1976) and FGT class Foster, Greer and Thorbecke (1984), satisfy axiomatically desirable properties including focus, monotonicity, transfer sensitivity, and decomposability, providing theoretical coherence. Empirical extensions, notably Mahdy (2017), have incorporated stochastic dominance analysis and robustness testing, strengthening the theory practice nexus and enhancing empirical realism in diverse socioeconomic contexts.
1.3.3   Distributional Sensitivity and Decomposability
Distributionally sensitive indices including Sen (1976), Watts (1968), and Shorrocks (2013) explicitly incorporate inequality among the poor, capturing normatively relevant distributional information below the poverty threshold. Zheng (1997) emphasized the ethical imperative of sensitivity to the most deprived. Mahdy (2017) demonstrated empirically that Egyptian regions with identical headcount ratios exhibited markedly different intra-poverty structures under the Sen Index versus FGT(1), underscoring critical importance of distributional dimensions. Regarding decomposability, both MPI and FGT measures permit geographic and demographic disaggregation, enabling targeted policy interventions (Alkire et al., 2015; Chakravarty, 1983).
Recent contributions, particularly Alkire et al. (2020) and Mahdy (2017), have developed hybrid frameworks combining multidimensionality, empirical realism, and normative consistency. Mahdy (2017) specifically proposed stochastic dominance based poverty orderings incorporating relative deprivation, providing analytical tools for distributive justice oriented policymaking (Rippin, 2017; Suppa & Kanagaratnam, 2025).
1.4 Persistent Methodological Challenges
Despite substantial progress, several critical limitations remain unresolved:
First, arbitrary indicator selection characterizes multidimensional frameworks, wherein dimensional choices and deprivation thresholds depend heavily on national contexts, constraining cross-country comparability. Despite empirical calibration methods Alkire et al. (2020), normative foundations remain contested Decerf (2023).
Second, contextual sensitivity limits universality, as Mahdy (2017) demonstrated that stochastic dominance measures effective in Upper Egypt failed to classify urban households consistently.
Third, fundamental trade-offs persist between normative grounding and operational flexibility: ethically robust measures (Sen, 1976) lack decomposability, while flexible alternatives (FGT) sacrifice inequality sensitivity (Atkinson, 2019; Subramanian, 2021).
Fourth, interdimensional interactions remain neglected, as most indices, including the MPI, assume additive separability, overlooking synergistic deprivation effects whereby educational deficits exacerbate health vulnerabilities Burchi et al. (2022).
Fifth, statistical robustness remains inadequate, as Mahdy (2017) demonstrated through sensitivity analysis and bootstrap techniques that minor data perturbations induce significant poverty classification changes, highlighting the imperative of rigorous robustness testing (Najera & Gordon, 2023).
1.5 Research Objectives
This dissertation advances both theoretical and empirical dimensions of poverty measurement by addressing fundamental limitations in existing frameworks. The specific objectives are:
1. To develop Weighted Reverse Poverty Gap (WRPG) as a novel unidimensional poverty measure grounded in the Reverse Gap approach, designed to satisfy core axiomatic properties Focus, Monotonicity, Transfer Sensitivity, and Decomposability while enhancing sensitivity to poverty depth and severity.
2. To extend this framework multidimensionally through Multidimensional Weighted Reverse Poverty Gap (MWRPG), explicitly incorporating social weighting functions that integrate ethical and distributive justice principles directly into measurement structure.
3. To establish rigorous mathematical foundations for WRPG and MWRPG, including formal proofs of axiomatic compliance (Focus, Monotonicity, Transfer Principle, Decomposability, Scale Invariance), ensuring theoretical coherence and internal consistency.
4. To evaluate empirical robustness through sensitivity analyses, alternative functional specifications, and statistical inference techniques, thereby establishing reliability and theoretical soundness.
5. To apply the WRPG framework to Egyptian household survey data CAPMAS (2017, 2018), demonstrating practical relevance and operational feasibility in empirical poverty assessment contexts (World Bank, 2025; UNDP, 2025).
6. To construct comprehensive visual and spatial poverty diagnostics, including regional poverty maps, Lorenz curves, and distributional decomposition analyses, revealing nuanced inequality and deprivation patterns.
7. To conduct systematic analytical comparisons between conventional measures (Headcount Ratio, Poverty Gap Index, FGT class, MPI) and proposed indices, illustrating how social weighting and inequality sensitivity enhance ethical grounding and policy relevance (Decerf, 2023; Alkire et al., 2020; Mahdy, 2017).
8. To perform simulation analyses validating the WRPG framework's applicability for national and regional poverty diagnostics, reinforcing its utility as a multidimensional statistical measure recognizing that poverty extends beyond income insufficiency to encompass education, health, and social participation deprivations (Sen, 1992; Alkire and Foster, 2011).
1.6    Structure of the Dissertation
This dissertation is organized to present the theoretical, methodological, and empirical contributions systematically. Each chapter builds progressively, ensuring coherent transition from conceptual foundations to empirical application.

Chapter Two: Literature Review
This chapter reviews the evolution of poverty measurement from early absolute and relative approaches to contemporary axiomatic and multidimensional frameworks. It identifies three persistent gaps motivating this research: absence of explicit social weighting mechanisms, limited sensitivity to inequality among the poor, and arbitrary dimensional weight assignment. These limitations provide the rationale for developing theoretically rigorous yet socially responsive poverty measures.

Chapter Three: Weighted Reverse Poverty Gap (WRPG)
This chapter introduces WRPG as a novel unidimensional poverty measure. It presents the theoretical construction, formal proofs of axiomatic compliance (Focus, Monotonicity, Transfer Sensitivity, Decomposability, Scale Invariance), and comparative analysis with traditional indices. WRPG addresses the limitations of conventional measures by integrating measurement precision with distributive justice sensitivity.

Chapter Four: Multidimensional Weighted Reverse Poverty Gap (MWRPG)
Building upon WRPG, this chapter develops MWRPG by extending the framework multidimensionally to incorporate health, education, and social participation. The chapter establishes theoretical properties, demonstrates normative robustness, and justifies the social weighting methodology. MWRPG directly addresses the limitations of existing multidimensional measures, particularly Alkire and Foster (MPI).

Chapter Five: Empirical Application and Simulation Analysis
This chapter applies WRPG to Egypt's HIECS data (2017, 2018). It presents empirical findings, comparative assessments against conventional measures, and sensitivity analyses under alternative specifications. Monte Carlo simulations test robustness and policy relevance. Results are interpreted within poverty reduction policy frameworks, demonstrating practical applicability.

Chapter Six: Conclusion and Policy Implications
This chapter synthesizes findings, articulates theoretical and empirical contributions, discusses policy implications, acknowledges limitations, and proposes future research directions. Together, these chapters establish a cohesive trajectory from theoretical development to empirical validation, culminating in an ethically grounded and statistically robust poverty measurement framework.
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Chapter Two 
Theoretical Foundations and Literature Review
2.1 Introduction
The measurement of poverty has long been a central concern for statisticians, policymakers, and development practitioners, as poverty remains one of the most pressing global challenges of the twenty-first century. This chapter provides a comprehensive review of the seminal contributions that have shaped the field of poverty measurement.
Early studies laid the foundation for systematic measurement of poverty. Among the pioneers was Rowntree (1901), who, in his landmark study of working class households in York, England, introduced the concept of a poverty line based on minimum nutritional and living requirements. Rowntree defined poverty in absolute terms, as the minimum income necessary to maintain physical efficiency. His approach allowed researchers to quantitatively identify households living below subsistence, rendering poverty a measurable and analytically tractable phenomenon, thereby facilitating evidence based policy formulation. The strength of Rowntree’s methodology lay in its clarity, consistency, and simplicity, enabling policymakers to easily target interventions based on a defined and fixed standard of living.
Several decades later, Townsend (1979; 2010) advanced a conceptual in poverty measurement by emphasizing that poverty should not be understood solely in terms of material subsistence, but also through relative deprivation. Townsend defined poverty as:
"a lack of resources to obtain the types of diet, participate in activities, and enjoy the living conditions and services customary in the society to which one belongs."
This definition represented a fundamental departure from the absolute model, recognizing poverty as a social and dynamic phenomenon that varies with social norms and levels of economic development. Townsend’s framework highlighted that deprivation is not only material but also relational, closely linked to inequality and social exclusion.
Absolute perspective of Rowntree and relative perspective of Townsend together provided the intellectual basis for subsequent poverty measures. Rowntree’s model focused on the biological and material dimensions of poverty, which is particularly relevant in low-income contexts, while Townsend’s framework offered a more socially nuanced perspective, emphasizing inequality and social participation, especially pertinent in advanced economies. The integration of these perspectives facilitated the unification of empirical measurement with ethical theory, paving the way for the formal development of poverty indicators in the latter half of the twentieth century.
This theoretical evolution culminated in the Axiomatic Tradition, led by Sen (1976), Thon (1979), and Foster, Greer, and Thorbecke (1984). These frameworks sought to construct indices that adhere to a set of normative and analytical principles, including Focus Principle, Monotonicity, Transfer Principle, and Decomposability, thereby embedding ethical considerations within quantitative measurement. Sen laid the groundwork for the first indices sensitive to inequality among the poor, while FGT indices introduced a generalized approach, incorporating a sensitivity parameter (𝛼) to adjust the weight assigned to the most deprived poor, reflecting socially informed preferences.
2.2 Conceptual Framework
Understanding poverty requires a coherent conceptual framework that clarifies its underlying meanings, dimensions, and theoretical interpretations across economic and social contexts.
    2.2.1 Definitions of Poverty
Poverty is a multidimensional phenomenon that can be conceptualized through two primary lenses. Poverty can be examined from two main perspectives: “Absolute poverty” and “Relative poverty”. Absolute poverty refers to a condition in which individuals or households live below the socially acceptable minimum standard of living, typically defined based on essential needs for survival, such as adequate food, shelter, and healthcare. In contrast, relative poverty views poverty within the context of societal comparison, where the economic situation of lower-income groups is assessed in relation to those of higher-income groups. This is often measured by dividing the population into income categories, such as quintiles or deciles.
 These resources typically include the basic necessities for survival adequate food, shelter, healthcare, and access to essential services (Ahluwalia, Carter & Chenery, 1979; Sen, 1994). In contrast, relative poverty is defined in relation to prevailing social standards, assessing the economic position of low-income groups compared with those of higher income. This perspective often employs income distributions, such as quintiles or deciles, to frame deprivation within the context of social norms and expectations (Streeten, 1994; Alkire & Santos, 2014).
It is important to note that trends in absolute and relative poverty may diverge. For instance, relative poverty may decline even as absolute poverty increases particularly when worsening conditions among low-income groups narrow the income gap between social classes. In such cases, a growing number of households may fall below the absolute poverty line, despite a reduction in relative deprivation (Sen, 1994).
 Poverty should not be viewed as a purely absolute or purely relative concept; rather, it embodies both dimensions simultaneously. It is absolute in the space of capabilities, where it reflects basic human functioning and essential needs, yet inherently relative in the space of commodities and individual characteristics, as it depends on prevailing social standards and living conditions. In this context, absolute deprivation is shaped by relative advantage, implying that poverty is dynamically influenced by evolving economic structures, social norms, and cultural expectations over time.
The selection of criteria and factors used in measuring poverty directly affects the outcomes related to the structure and size of the poor population within a society. Consequently, these choices influence the nature of the economies adopted to combat poverty. Liu and Wu, 1998 emphasize that the process of poverty measurement must address four fundamental conceptual issues: The identification of an appropriate poverty indicator, the determination of the unit of analysis, the selection of an equivalence scale, and the distinction between headcount ratio and poverty gap.
The design of a poverty measurement methodology critically influences both the identification of the poor and the assessment of poverty magnitude within a society. The conceptual framework adopted whether absolute, relative, or multidimensional determines not only who is classified as poor but also how deprivation is understood, compared, and addressed in empirical analysis and policy evaluation.
Decisions concerning the selection of indicators, units of analysis, equivalence scales, and aggregation methods exert a profound influence on poverty measurement outcomes and the policy decisions derived from them Alkire and Foster (2011). Liu and Wu (1998) emphasize four fundamental conceptual considerations: selecting appropriate poverty indicators, which determine the dimensions of deprivation included in measurement; defining the unit of analysis, whether individual, household, or community; adopting an equivalence scale to adjust for differences in household size and needs; and distinguishing between  Headcount Ratio, which measures incidence of poverty, and Poverty Gap Index, which captures its depth. These methodological choices shape not only the empirical results but also the targeting effectiveness and efficiency of poverty reduction strategies.
Poverty is a complex, multidimensional phenomenon arising from the dynamic interaction of economic, structural, social, and environmental factors. It cannot be attributed to a single cause; rather, it reflects the cumulative effects of weak economic performance, labor market inefficiencies, low human capital format ion, environmental degradation, and institutional deficiencies. A deep understanding of these root causes is essential for designing and implementing coherent, evidence based, and sustainable poverty reduction strategies (Cowell, 2011; Zheng, 1997).
Thus, poverty arises from the interaction of multiple interconnected forces: economic stagnation, institutional failure, labor market distortions, social exclusion, and environmental pressures (Dasgupta, 1993; Cowell, 2011). Effective poverty reduction requires a multidimensional and integrated approach that simultaneously addresses structural factors and immediate needs. This includes pursuing macroeconomic stability, equitable growth, human capital development, environmental sustainability, and strong governance. Through such a comprehensive framework grounded in ethical principles, societies can achieve lasting progress toward inclusive and sustainable development, ensuring that economic and social opportunities extend to all segments of the population.
According to Adeyeye and Ajakaiye (1999), the principal objectives of poverty measurement encompass several interrelated dimensions. These include identifying appropriate indicators for evaluating living standards and welfare conditions, and establishing a poverty line that clearly distinguishes the poor from the non-poor. In addition, poverty measurement aims to examine the distribution of living conditions among the poor, thereby capturing heterogeneity and inequality within this group. It also seeks to assess temporal trends in poverty at both individual and aggregate levels. Ultimately, these objectives serve to guide policy formulation and implementation, ensuring that poverty alleviation programs are effectively targeted, efficient, and equitable.
    2.2.2 Absolute vs. Relative Poverty
Absolute Poverty is defined relative to an objectively established minimum standard of living. absolute poverty is grounded in the concept of a minimum standard of living, defined as: “A bundle of goods and services considered essential to meet the basic material needs of an individual or household” (Eskelinen, 2011).
Individuals or households who are unable to afford this essential basket of goods and services due to limited financial resources are classified as poor. This approach dominated early poverty measurement throughout the twentieth century, particularly in studies focused on extreme deprivation and basic survival conditions. Despite its conceptual clarity, the absolute approach faces significant methodological challenges. Quantifying what constitutes the “minimum living standard” is inherently complex, as the composition and valuation of essential needs vary across cultural, geographic, and temporal contexts.
As a result, the absolute framework is now rarely used in contemporary poverty research, except in analyses of extreme poverty or cross-country comparisons in developing regions World Bank (2018).
In contrast, the relative approach situates poverty within its social and economic context, defining it in relation to the living standards of others in the same society. Relative Poverty is assessed in comparison with others within society, emphasizing inequality and social hierarchy. According to Eskelinen (2011): “The national mean or median income serves as the economic indicator that reflects the prevailing standard of living.
Individuals or households whose income falls significantly below this level are considered poor, as they are unable to live according to that standard.” Typically, individuals or households earning less than 50% of the national median income are classified as poor.
This approach is widely applied in industrialized and high-income countries, where social norms and relative well-being form the basis for understanding deprivation. However, the relative approach has also faced substantial criticism: Persistence of Poverty in Statistics, Since a fixed proportion of population always falls below the relative poverty line, poverty appears to persist statistically, even when overall living standards improve. Limited Qualitative Insight, While providing a quantitative estimate of poverty incidence, the relative approach does not fully reflect the lived experience, quality of life, or multidimensional nature of deprivation among the poor. 
While absolute and relative definitions capture structural and comparative aspects of deprivation, subjective poverty integrates both objective and perceptual components. Variation across these perspectives directly affects estimates of poverty incidence and intensity, thereby underscoring the need for theoretically grounded and normatively justified measures that are both sensitive and robust.
Relative Poverty and Its Relationship to Income Inequality, relative Poverty refers to a condition in which an individual or household is classified as poor if their income falls below a specified percentage of the national mean or median income. A common benchmark used widely across the European Union defines the relative poverty line at 60% of the median income, often applied to working households or domestic family units. Unlike absolute poverty, which focuses on minimum subsistence needs, relative poverty is inherently context dependent.
It reflects the prevailing social norms, living standards, and distributional context of a society, thereby emphasizing inequality and social participation rather than physical deprivation alone. Characteristics of Relative Poverty, Under this framework, if the entire income distribution rises proportionally, the relative poverty rate remains unchanged. Thus, a portion of the population will always be classified as poor regardless of improvements in absolute living conditions unless income is distributed perfectly equally.
Examples, Relative poverty measures may yield non-intuitive results in heterogeneous or small populations, A middle class family living in a wealthy neighbourhood, where most residents earn over US$1,000,000 annually, may be classified as poor if their income is US$100,000, despite comfortably meeting all basic needs. Conversely, a family in a low-income area earning the median income for that region may not be classified as poor, even if it cannot meet basic subsistence requirements.
These examples demonstrate that relative poverty is closely linked to income inequality. Shifts in the income distribution can alter relative poverty rates independently of absolute deprivation, as shown below: A more equitable income distribution tends to reduce relative poverty. Disproportionate income losses among the rich can lower relative poverty rates, even if overall welfare declines. Conversely, absolute poverty reduction policies may increase relative poverty if economic gains are concentrated among the wealthiest. In general, relative poverty represents moderate deprivation a condition in which individuals meet their basic material needs (food, water, shelter, clothing, and primary healthcare) but live significantly below the prevailing social standard of the majority.
    2.2.3 Unidimensional vs. Multidimensional Approaches

          Traditional unidimensional measures such as headcount ratio identify individuals whose income falls below a fixed poverty line but fail to capture the depth, severity, and multidimensional character of poverty (Ravallion, 2016; World Bank, 2025). 
Unlike traditional or ad hoc measures, axiomatic indices formalize ethical principles such as Monotonicity, Transfer Sensitivity, Decomposability, and Scale Invariance, enabling consistent comparisons of poverty across populations, regions, and time. These measures transformed poverty analysis from a descriptive exercise into a normatively structured and ethically informed discipline, linking mathematical coherence with welfare economics and social justice.
Despite their theoretical sophistication, classical axiomatic measures are not without limitations. Most rely heavily on unidimensional income data, overlook inequality among the poor, and lack explicit social weighting mechanisms that would reflect moral priorities or distributive fairness. Consequently, they cannot fully represent the complex, multidimensional, and ethical nature of deprivation in modern societies.
Nevertheless, despite their theoretical precision, these indices exhibit notable limitations. They primarily focus on income or expenditure dimensions and therefore fail to capture multidimensional nature of deprivation. Moreover, they are insufficiently sensitive to inequality among the poor (Kakwani, 1980; Zheng, 1997). In addition, most traditional measures lack explicit social weighting mechanisms, implicitly assuming that all poor individuals experience the same degree of deprivation an assumption that overlooks distributive justice and social heterogeneity (Sen, 1992; Mahdy, 2017). As a result, their normative and distributive capacity to reflect the ethical dimensions of poverty remains constrained.
In response to these conceptual and empirical challenges, recent decades have witnessed a paradigm shift toward multidimensional poverty frameworks. The Alkire–Foster methodology (2011) and UNDP’s Multidimensional Poverty Index (MPI) represent significant milestones in this evolution, broadening the notion of poverty to encompass health, education, and living standards (Alkire and Santos, 2010; Alkire et al., 2015). These multidimensional approaches align closely with Amartya Sen’s capability framework (Sen, 1997; Nussbaum, 2003) and have become central tools in global poverty monitoring.
However, these multidimensional measures continue to face substantive critiques, particularly concerning the arbitrariness of dimensional weights, limited sensitivity to inequality among the poor, and insufficient normative justification within their structure (Decancq and Lugo, 2013; Deyshappriya and Feeny, 2021; Decerf, 2023). These theoretical and practical gaps have motivated the development of new indices that retain the normative rigor of classical measures while addressing the distributive and social aspects neglected by both unidimensional and multidimensional approaches.
2.3 Axiomatic Properties of Poverty Measures
These principles ensure that the indices are theoretically consistent, ethically sound, and responsive to actual changes in deprivation levels. They serve as mathematical and moral architecture underpinning the design of both measures. For any poverty measure to be analytically sound and practically meaningful, it must satisfy a set of desirable axiomatic properties (Morduch, 2006).
    2.3.1 Focus Axiom
Focus Axiom is one of the fundamental axiomatic properties of poverty measures. It states that a poverty index should be insensitive to changes in the income of non-poor individuals, meaning that the well-being of those whose income exceeds poverty line does not affect the value of the index. In other words, the impact of income changes is limited to the poor only, and any change in the income of these poor individuals is directly reflected in the measured level of poverty, while changes in the income of non-poor individuals have no effect (Sen, 1976; Foster, Greer and Thorbecke, 1984).
This property ensures that the index is focused on the actual poor population, enhancing its accuracy and relevance in tracking both the depth and incidence of poverty within society. Moreover, the Focus Axiom provides the foundation for modern multidimensional poverty measures, allowing the integration of additional criteria such as education, health, and housing conditions, without being affected by the performance of non-poor individuals (Chakravarty, 2009).

    2.3.2 Monotonicity Axiom
Poverty should increase if the income of a poor household decreases. This principle guarantees that the index reacts logically and proportionally to worsening poverty conditions, ensuring internal coherence and ethical sensitivity to both the depth and intensity of deprivation (Sen, 1976; Foster, Greer & Thorbecke, 1984). If an individual’s deprivation increases in any dimension, the overall poverty measure must correspondingly rise. Any increase in the income of a poor individual should reduce the overall poverty measure, reflecting a direct alleviation of deprivation and suffering.
    2.3.3 Transfer Sensitivity 
 Poverty should rise if income is transferred from a poorer to a less poor household. A transfer of resources from a poorer individual to a relatively less poor individual must increase the aggregate value of the poverty measure. This principle embeds ethical sensitivity to inequality among the poor, ensuring that the index aligns with distributive justice and reflects the moral imperatives of equity and fairness (Atkinson, 1987; Zheng, 1997).
    2.3.4 Decomposability
Additive decomposability, the measure should allow disaggregation by population subgroups (e.g., region, gender, occupation) for detailed policy analysis. Through systematic measurement, researchers and policymakers can identify the extent, composition, and evolution of poverty, enabling more targeted interventions (Subramanian, 2021).
    2.3.5 Scale Invariance

The poverty index should remain unchanged if both the incomes of the poor and poverty line are multiplied by the same constant factor. This property defines relative poverty measures, where poverty depends on proportional differences rather than absolute levels. It  should remain constant if all incomes and poverty line are increased or decreased by the same absolute amount. This property underpins absolute poverty measures, where deprivation is evaluated against fixed living standards (Alkire and Foster, 2011).

    2.3.6 Population Principle (Size Independence)
The value of the poverty index should remain unchanged when identical populations are replicated or combined, ensuring comparability across groups of different sizes. Representation of distribution, the measure must capture differences in living standards among the poor (Chakravarty, 2009).
2.4 Traditional Poverty Measures
Traditional poverty measures, such as Headcount Ratio (HCR), and Poverty Gap Index (PGI) have provided essential insights into the extent and intensity of poverty. However, these indices often fail to capture the nuances of inequality within the poor population itself, thereby limiting their ability to guide policies that aim to reduce poverty in a fair and socially sensitive manner (Sen, 1976; Foster, Greer, and Thornback, 1984).
    2.4.1 Headcount Ratio (HCR)
Headcount Ratio is the simplest and most commonly used measure of poverty. It expresses the proportion of the population whose income falls below the predetermined poverty line. Formally, it is defined as: 
                                                     (2.1)
where:
    P is the number of poor people (those below a poverty line) and N is total population. HCR is closely related to the cumulative income distribution function, representing the share of individuals with incomes (Bellú and Liberati, 2005b).
Definition HCR  with Poverty Line poverty line  represents the minimum level of income, expenditure, or achievement required to satisfy basic needs. An individual is considered poor if:
,
Where,  is income (or consumption) of individual ,  is  poverty line.
Advantages of Headcount Ratio:
 Boundedness, the index ranges between 0 and 1, where HCR = 0 indicates no poverty (all incomes above poverty line), and HCR = 1 indicates that all individuals are poor.
Scale Invariance, If all incomes and poverty line are multiplied by the same constant factor, the value of HCR remains unchanged. This property allows for consistent comparison under proportional changes in income.
 Translation Invariance, When all incomes and poverty line are increased or decreased by the same absolute amount, HCR remains constant, preserving comparability under absolute income adjustments.
Limitations of Headcount Ratio:
Despite its simplicity, HCR fails to satisfy transfer principle. Transfer Principle is a core property of poverty indices that reflects sensitivity to redistribution among the poor. Transfer Principle states that a progressive transfer of income from a poorer individual to a less poor individual must lead to a reduction in the poverty measure. Any redistribution of income among the poor does not affect HCR value unless an individual crosses poverty threshold. Consequently, the measure is insensitive to changes in the depth or severity of poverty measure and cannot distinguish between the moderately poor and the extremely poor. This limitation reduces its effectiveness for designing targeted poverty alleviation policies and evaluating welfare improvements among the poor. 
    2.4.2Poverty Gap Index (PGI)
Poverty Gap Index was developed to HCR’s insensitivity to the intensity of poverty by measuring the average shortfall of the poor’s income from poverty line. Defined as:
,                                       (2.2)
Where,  is number of poor individuals,  is poverty line, represents the minimum individual income for which an individual is not considered poor, and​   is income of individual normalized form, which expresses the income shortfall as a proportion of poverty line, is given by PGI:
Advantages of Poverty Gap Index:
Boundedness, the normalized PGI takes values between 0 and 1, where PGI  = 0 if all poor individuals have incomes equal to poverty line, and PGI = 1 if all poor individuals have zero income.
Scale Invariance: The index remains unchanged when both incomes and poverty line are multiplied by the same factor, ensuring comparability under proportional income adjustments.
Limitations of Poverty Gap Index:
Lack of Translation Invariance, PGI index decreases if all incomes and poverty line are simultaneously increased by the same absolute amount, thus violating the property of absolute measurement consistency.
Partial Compliance with transfer principle, Although PGI reflects the income shortfall of the poor, it does not consistently respond to redistributions among them. For example, if one poor individual’s income rises above the mean of the poor and they exit poverty, the average income of the remaining poor may decrease, leading paradoxically to an increase in the measured poverty gap, even though overall poverty has declined. This behavior illustrates PGI’s limited ability to capture distributional inequality among the poor and its restricted reflection of intra-group disparities.
while HCR and PGI laid the groundwork for quantitative poverty assessment, their theoretical limitations particularly their lack of sensitivity to distributional and ethical dimensions underscore the need for axiomatically grounded measures. These deficiencies provided the intellectual foundation for the development of more refined and ethically responsive indices such as Sen (1976), Watts (1968), and Foster, Greer & Thorbecke (1984) measures, which are discussed in the subsequent sections.
    2.4.3 Sen Index  (1976)
 Amartya Sen proposed one of the earliest integrated poverty measures, known as Sen Index (1976), to overcome the limitations of traditional poverty measures that focused only on the number of poor individuals or the average poverty gap. Sen Index combines three fundamental dimensions of poverty within a single framework: the incidence of poverty, measured by the Headcount Ratio; the depth of poverty, measured through the Poverty Gap; and inequality among the poor, captured by Gini coefficient within the poor population. By integrating these components, the index reflects not only how many people are poor, but also how poor they are and how deprivation is distributed among them. Therefore, Sen Index represented a major advancement in poverty measurement by introducing distributive sensitivity and emphasizing the ethical importance of inequality within the poor population.  Formally, Sen Index is defined as:
                ,                                                (2.3)
where:
: headcount ratio, representing proportion of individuals below poverty line ,
: mean poverty gap, measuring the depth of poverty,
: Gini coefficient among the poor, capturing inequality within the poor subgroup,
: Mean income of the poor,
Sen Index increases with both the number of poor individuals and the degree of inequality among them, satisfying the Monotonicity and Transfer Sensitivity principles. It thus represents a pioneering step in developing distribution sensitive poverty measures that go beyond simple headcounts or average shortfalls. 
    2.4.4 Foster, Greer and Thorbecke (FGT) Class
Foster, Greer and Thorbecke (1984) introduced a parametric class of poverty measures that generalizes the Sen and headcount indices through the inclusion of a poverty aversion parameter (α):
                (2.4)
where,  is income of individual ,  is Indicator function, equal to 1 if the individual is poor and 0 otherwise, and  is Poverty aversion parameter determining sensitivity to the poorest.
Table (2.1): Special cases of Foster, Greer and Thorbecke
	Value ()
	Corresponding Measure
	Explanation

	
	
	Poverty incidence (Headcount)

	
	
	Poverty depth (Mean gap)

	
	
	Poverty severity (Squared gap)


Larger values of  assign greater weight to the poorest individuals, enhancing the measure’s sensitivity to severe deprivation and aligning with transfer principle. FGT class thus provides a flexible axiomatic framework applicable to both unidimensional and multidimensional poverty settings.


    2.4.5 Watts Index  (1968)
Watts introduced one of the earliest indices that incorporated income distribution among the poor via a logarithmic formulation, capturing both incidence and depth, while remaining decomposable across population subgroups, making it a powerful policy evaluation tool.
 Watts Index is defined as:
   .                                         (2.5)
Where is poverty line, is the income of individual ,  is the number of poor individuals, and is the total population. By giving greater weight to the lower tail of the income distribution, this index more accurately represents severity of deprivation, predating later axiomatic models by combining ethical sensitivity with analytical decomposability (Watts, 1968).
Similarly, Atkinson (1970) developed a social welfare based inequality index that explicitly incorporates society’s aversion to inequality. Watts (1968) and Atkinson (1970) made pioneering contributions to distribution sensitive poverty measurement. While originally designed to measure income inequality, the Atkinson Index has profound implications for poverty analysis, highlighting the normative trade-off between average income and equitable distribution. Atkinson emphasized that any poverty measure should be grounded in ethical considerations reflecting societal concerns for distributive justice, a principle later central to Sen’s welfare approach (Atkinson, 1987).
Then, relationship between Depth and Severity of Poverty Measurement. poverty gap and income distribution are fundamental to understanding the limitations of traditional headcount based measures and the motivation for developing depth and sensitive poverty indices.
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                Figure (2.1): Poverty Gap (Depth) Vs. Poverty Severity 
 The black line represents individual incomes, arranged in ascending order. The red dashed line denotes poverty line (), below which individuals are classified as poor. The shaded orange area illustrates poverty gaps. The graphical conceptually depicts how income disparities below poverty line contribute to varying levels of deprivation, emphasizing the necessity of incorporating both intensity and distributional sensitivity in poverty assessment. This figure illustrates and clarifies the depth and severity of poverty, and understanding the sensitivity of poverty measures to disparities among the poor is crucial when selecting indicators that accurately capture both the incidence of poverty and intensity of deprivation.
2.5 Multidimensional Poverty Measurement Frameworks

Emergence of multidimensional poverty measurement frameworks is fundamentally rooted in theoretical approaches that view poverty as a deprivation of capabilities and human functioning rather than merely a shortage of income.

    2.5.1 Theoretical Foundations (Sen's Capability Approach)
Crises in the 1970s, such as the severe famines in Bangladesh and Ethiopia, prompted the expansion of poverty analysis to include economic vulnerability, institutional failures, and environmental shocks. These developments contributed to a capabilities based perspective on poverty, later formalized by Sen (1992; 1997) in his Capability Approach. This approach redefined poverty as a deprivation of fundamental freedoms and opportunities, rather than merely a shortfall in income, establishing the ethical foundation for modern multidimensional measures, including Multidimensional Poverty Index (MPI) developed by Alkire and Foster (2011).
Sen (1976) made a seminal contribution to the systematic analysis of poverty by establishing an axiomatic framework that shifted the study of poverty from mere quantitative description to a field of economic theory grounded in ethical principles. Sen argued that any meaningful poverty measure must satisfy a set of fundamental ethical and logical axioms, including:
Focus Axiom: Changes in the income of non-poor individuals should not affect the level of measured poverty.
Monotonicity Axiom: Poverty should decrease whenever the income of any poor individual rises.
Transfer Principle: A regressive transfer of income (from a poorer to a less poor individual) should increase measured poverty, whereas a progressive transfer (from a less poor to a poorer individual) should reduce it.
Sen Index integrates three essential characteristics of poverty ethical foundation, overcoming the limitations of simple Headcount Ratio (HCR). This index marked a conceptual advance by embedding distributional sensitivity directly into the measurement and laid the intellectual foundation for the axiomatic and multidimensional school of poverty measurement (Sen, 1997).
    2.5.2 Alkire-Foster Methodology  (2011) 

Scheja and Vollmer (2023) introduce a modified measure known as the Moderate Multidimensional Poverty Index (MMPI), which adjusts the global MPI framework to capture “moderate” rather than “acute” deprivations. Instead of proposing a new axiomatic structure, the study builds directly on the existing Alkire-Foster methodology by raising deprivation thresholds (e.g., in education, nutrition, and assets) and recomputing the adjusted headcount ratio.
Empirically, the authors apply both MPI and MMPI to household survey data (e.g., Bangladesh, Mexico) to examine how poverty incidence changes under higher standards of deprivation. The estimation relies on the standard Alkire-Foster  measure with modified cutoffs. No explicit income distribution is assumed, as the analysis is based on dichotomized deprivation indicators.

    2.5.3 Multidimensional Poverty Index (MPI)
Modern poverty frameworks particularly Multidimensional Poverty Index (MPI)  extend the notion of poverty beyond income, incorporating dimensions such as education, health, and living standards. However, for consistency across nations, the World Bank maintains standardized income based thresholds.
[bookmark: _Hlk226623068] Table (2.2): Variation in Poverty Lines by Income Level and Cost of Living
	Income Group
	Poverty Line (USD/person/day)
	Example Countries

	Low income
	1.91
	33 countries

	Lower-middle income
	3.21
	India, Philippines

	Upper-middle income
	5.48
	Brazil, South Africa

	High income
	21.70
	29 countries


This table  presents variation in international poverty lines across different income groups and cost-of-living levels according to World Bank classification. It shows that poverty thresholds increase with national income levels, reflecting differences in purchasing power and living standards across countries. While the international extreme poverty benchmark of US$1.90 per person per day (2011 PPP) remains the official global reference for monitoring extreme poverty, higher thresholds are adopted for middle- and high-income economies to ensure more realistic poverty assessment.
Classical income based indices, such as Headcount Ratio (HCR) and Poverty Gap Index (PGI) widely employed within World Bank frameworks (Deaton, 1997; World Bank, 2025) remain among the most commonly used tools due to their computational simplicity.
However, they fail to account for the depth and intensity of poverty. In contrast, Multidimensional Poverty Index (MPI) developed by Alkire and Foster (2011), and subsequently refined Alkire et al ( 2020), provides a more comprehensive framework by incorporating deprivations in health, education, and living standards. For instance, in Egypt, reports from the Central Agency for Public Mobilization and Statistics CAPMAS (2017, 2018) revealed a monetary poverty rate of 29.7%, while the MPI exposed regional disparities invisible under income only analysis.
    2.5.4 Critiques of Multidimensional Approaches
In response to these critiques, Oxford Poverty and Human Development Initiative (OPHI) developed Multidimensional Poverty Index (MPI), introduced by Alkire and Santos (2010). This represented a paradigmatic shift in development thinking, operationalizing Sen’s Capability Approach (1992, 1999) in an empirically applicable form. MPI defines poor households as those experiencing deprivation across a weighted set of ten indicators within three core dimensions: health, education, and living standards, enabling the measurement of both poverty intensity and prevalence, rather than mere incidence. Despite widespread adoption by the UNDP (2020, 2024), MPI has faced criticism for its equal weighting of dimensions, which can obscure heterogeneity in deprivation patterns (Duclos et al. (2006); Ravallion( 2011).
2.6 Evolution of Poverty Measurement Literature
  (2000-2025)
Literature on poverty measurement from 2000 to 2025 reveals a substantial expansion in methodological approaches, beginning with unidimensional studies focused primarily on income and expenditure based deprivation.

    2.6.1 Unidimensional Studies
Early studies, such as those by Ahluwalia, Carter, and Chenery (1979), expanded empirical analytical scope of poverty research by comparing differences in growth and distribution across countries. They explored whether poverty should be measured based on welfare outcomes (e.g., life expectancy or nutritional status) or income and consumption inputs. Through cross-country comparisons including South Korea, Sri Lanka, and Taiwan the researchers concluded that economic structure, policy design, and institutional capacity are critical determinants of sustainable poverty reduction. Their findings underscored that effective poverty measurement requires both quantitative precision and contextualized analysis.
In parallel, Watts (1968) and Atkinson (1970) made pioneering contributions to distribution sensitive poverty measurement. Watts introduced one of the earliest indices that incorporated income distribution among the poor via a logarithmic formulation, capturing both incidence and depth, while remaining decomposable across population subgroups, making it a powerful policy evaluation tool. By giving greater weight to the lower tail of the income distribution, this index more accurately represents severity of deprivation, predating later axiomatic models by combining ethical sensitivity with analytical decomposability Watts (1968).
Similarly, Atkinson (1970) developed a social welfare-based inequality index that explicitly incorporates society’s aversion to inequality. While originally designed to measure income inequality, the Atkinson Index has profound implications for poverty analysis, highlighting the normative trade-off between average income and equitable distribution. Atkinson emphasized that any poverty measure should be grounded in ethical considerations reflecting societal concerns for distributive justice, a principle later central to Sen’s welfare approach (Atkinson, 1970; 1987).
A further milestone in poverty measurement was introduced by Foster, Greer, and Thorbecke (1984), who developed  Foster, Greer, and Thorbecke class of poverty indices, generalizing prior measures by incorporating a poverty aversion parameter () to modulate sensitivity to poverty depth and severity as follows:

when , the measure reduces to Headcount Ratio (HCR), reflecting only incidence. And  , it yields Poverty Gap Index (PGI), capturing depth. And , it produces Squared Poverty Gap (SPG), accounting for both depth and inequality among the poor. FGT framework is widely used due to its simplicity, decomposability, and analytical flexibility, and it remains a cornerstone for both unidimensional and multidimensional poverty analysis, Foster, Greer and Thorbecke (1984; 2010).
Building upon these foundations, Zheng (1997; 2000) provided a comprehensive synthesis of prior axiomatic contributions, systematically reviewing the conditions under which poverty measures satisfy desirable properties. His classification elucidated the logical relationships among Sen, Watts, and FGT indices and highlighted the inherent trade-offs between ethical sensitivity, decomposability, and empirical applicability, thereby unifying axiomatic poverty measurement within an integrated theoretical framework that bridges normative welfare theory and applied measurement.
Collectively, the contributions of Watts (1968), Atkinson (1970), Sen (1976), FGT (1984), and Zheng (1997) constitute the methodological foundation of the axiomatic school of poverty measurement. These scholars transformed intuitive notions of deprivation into quantitative indices that simultaneously capture incidence, depth, and severity, embedding ethical values and distributive justice principles within mathematically rigorous and empirically applicable models.
The axiomatic school, pioneered by Sen, Watts, Atkinson, and FGT, can be seen as a mathematical formalization of the ideas first proposed by Rowntree (1901) and Townsend (1979). Whereas Rowntree emphasized absolute needs and Townsend highlighted relative deprivation, the axiomatic pioneers quantified these concepts within precise mathematical frameworks. This evolution from descriptive approaches to axiomatic models reflects the ongoing pursuit of a measure that reconciles ethical consistency with empirical rigor, enabling a deeper and more accurate understanding of human deprivation.
Nonetheless, these classical measures have fundamental limitations, as they rely exclusively on monetary gaps as the sole indicator of deprivation, and therefore fail to capture non-monetary and social dimensions of poverty Ravallion (2016); Alkire and Foster (2011). They overlook deprivations in education, health, and social participation, and do not incorporate social weights that reflect the relative ethical significance of different types of deprivation. 
Evolution of poverty measurement beyond income based frameworks represents a fundamental conceptual shift in development economics and social policy. Henderson (1975) was among the earliest to critique the unidimensional, income focused approach, arguing that poverty thresholds should be context specific and reflect the diversity of living conditions across regions. This early recognition of spatial and social heterogeneity paved the way for modern multidimensional approaches to poverty measurement, which integrate social, spatial, and institutional factors into the analytical framework.
Building on the axiomatic foundations established by Sen (1976), Foster, Greer and Thorbecke (FGT) framework Foster et al. (1984) introduced a class of indices that remain central in contemporary poverty research. This framework provided two key methodological features: decomposability, enabling disaggregation across subgroups, and the poverty aversion parameter (), which governs the sensitivity of the measure to poverty depth and severity.
 While this methodological advance set a benchmark for subsequent indices and laid the theoretical groundwork for Alkire and Foster approach, FGT model treats deprivations in an additive and independent manner. In parallel, Weil et al. (1992) conducted a systematic empirical analysis of the relationship between economic growth, education, and capital accumulation, demonstrating that cross country differences in growth are largely explained by variations in human capital accumulation, particularly education. This finding underscores the importance of including education as a fundamental dimension in poverty measurement and highlights the necessity of accounting for spatial heterogeneity and price variation when assessing poverty. 
A landmark methodological shift occurred with Citro and Michael (1995) report, commissioned by the U.S. National Research Council, which proposed measuring poverty based on consumption rather than income alone, incorporating factors such as taxation, healthcare expenditures, and housing costs. While the framework remained largely unidimensional, it represented a critical step toward acknowledging multidimensional needs, paving the way for the development of official multidimensional poverty indicators.
As noted by Mariara et al. (2011), “poverty cannot be purchased when markets fail.” In contexts characterized by market failures in credit, labor, and insurance or the absence of essential public goods such as education and healthcare, income alone fails to capture true deprivation. Furthermore, higher consumption among the non-poor may reflect medical expenditures or debt, rather than genuine welfare gains. These insights emphasize the need to assess non-monetary dimensions of poverty, such as health, education, and living standards, to avoid misleading interpretations of social well-being.
    2.6.2 Multidimensional Studies
The question of dimensional weighting has emerged as one of the most contentious issues in multidimensional poverty measurement. Studies by Duclos et al. (2006), Decancq and Lugo (2010), and Ravallion (2011) emphasize that assigning weights is as crucial as selecting dimensions. For instance, a Discrete Choice Experiment (DCE) in Sri Lanka revealed significant discrepancies between statistically measured and socially perceived deprivations across MPI’s three dimensions (education, health, and living standards). Even as extreme monetary poverty (below $1.90/day) fell below 1% by 2016, approximately 42% of the population remained below $5.50/day, reflecting latent multidimensional poverty (Romeshun & Mayadunne, 2011). This discrepancy underscores Sen’s (1988) assertion that poverty must be analyzed as capability deprivation, not merely low income.
In this context, increasing attention has been paid to non-monetary dimensions, empowerment, and social recognition as core components of human well-being. Sen (2005) emphasized that freedom, choice, and empowerment constitute essential capabilities that extend beyond material wealth. This perspective was further developed by Castleman (2013; 2016), who introduced the concept of human recognition, defined as the extent to which an individual is acknowledged, respected, and valued by society. Castleman argued that social recognition is a critical dimension of well-being, influencing both self-realization and economic outcomes. Integrating social recognition into poverty measurement enriches the ethical dimension of indices and aligns with a broader human development perspective.
Alkire and Santos (2010) also developed MPI, targeting households experiencing the most severe deprivations, followed by Moderate MPI Alkire et al. (2020) for measuring less severe but persistent deprivations. These developments highlight that poverty is not a static state but a spectrum of overlapping deprivations requiring flexible and extensible indicators. 
Poverty is inherently multicausal, arising from a complex interaction of economic, structural, and social factors. From an economic perspective, the primary drivers of deprivation include low productivity, insufficient wages in the informal sector, inefficient labor markets, slow or negative economic growth, and delayed human capital development (Cowell, 2011; Atkinson, 2019; Sen, 1997). Structural and social dynamics further exacerbate vulnerability to poverty: deteriorating living standards, environmental degradation, rising crime and violence, labor displacement, the breakdown of social safety nets, and changes in household composition all contribute to worsening poverty outcomes (Alkire and Foster, 2016).
Sustained economic growth is a necessary condition for poverty reduction. However, since the 1980s, many economies have experienced considerable volatility in their growth trajectories. Several developing countries, in particular, have faced weak or negative growth due to a range of external shocks, including fluctuations in global interest rates, foreign debt burdens, changes in international demand for exports, and sharp terms of trade instabilities (Ahluwalia et al., 1979; Weil et al., 1992; Ravallion, 2016). These macroeconomic disruptions have directly increased poverty levels, underscoring the critical interdependence between growth patterns and social welfare outcomes.
An efficient and inclusive labor market is essential for reducing poverty and mitigating income inequality. In many developing and transition economies, the majority of poor households engage in economic activity through diverse means, yet they often face low returns to self-employment, low wages, underemployment, and long-term unemployment. Such conditions reflect the weak performance of labor markets, which constrains income generation opportunities and limits economic mobility (Cowell, 2011; Zheng, 1997).
A large proportion of workers are employed in the informal private sector, while a smaller share works in the public sector. This structural pattern reflects the limited capacity of the formal economy to create sufficient employment opportunities and achieve inclusive growth. As a result, poor workers are frequently confined to unstable, low-income, and precarious jobs, which perpetuate poverty and heighten exposure to economic shocks (Cowell, 2011).
To mitigate labor market fluctuations and strengthen poverty reduction efforts, sustained investment in human capital encompassing education, vocational training and skills development, health improvement, and productivity enhancement is essential. Such investment elevates household living standards by expanding economic opportunities, attracting investment, improving efficiency, and increasing individual earning potential.
Access to quality education and vocational training, particularly for youth, reduces the likelihood of engaging in deviant or criminal behavior, consistent with evidence linking low educational attainment to higher crime rates. Similarly, health serves as a cornerstone of social and economic development: poor health not only diminishes economic productivity but also lowers the returns to education, restricts entrepreneurial activity, and perpetuates intergenerational poverty cycles (Cowell, 2011). Consequently, illness and poverty are mutually reinforcing, acting as both cause and consequence within broader socio-economic systems.
Sen (1999) access to productive employment remains the primary pathway out of poverty, enabling individuals to earn sufficient income to meet basic needs. While non-poor individuals often experience temporary unemployment, the poor typically suffer from structural unemployment arising from low education and skill levels, poor health, geographic isolation, or systemic social discrimination.
Cowell (2011) ; Zheng (1997) underemployment is particularly prevalent in informal sectors, where wages are low, productivity is limited, and economic opportunities are scarce especially in rural areas. Although slow economic growth is the main driver of rising unemployment, restrictive labor regulations in formal sectors can exacerbate underemployment in informal economies, further entrenching poverty.
Docquier and Rapoport (2012) migration can serve as a strategic mechanism for poverty alleviation, particularly when migrants possess high levels of education, skills, and experience. Remittances and knowledge transfers resulting from migration contribute to improving household welfare and stimulating local economies. However, the emigration of skilled labor, commonly referred to as “brain drain,” can weaken domestic labor markets, slow economic growth, and reduce job creation capacity producing a dual effect on national poverty dynamics.
World Bank (2020) in many developing countries, the burden of debt remains a major obstacle to sustainable development and a key factor exacerbating poverty. Servicing external and domestic debt consumes a large share of national resources that could otherwise be directed toward developmental, social, and economic initiatives. This crowding out effect limits investment in productive sectors such as agriculture, industry, and infrastructure. The diversion of resources toward debt repayment leads to declining efficiency, lower productivity, reduced purchasing power, and rising disguised unemployment pushing large segments of the population into deeper poverty. This dynamic highlights the structural vulnerability of debt dependent economies, where financial pressures undermine the ability to implement effective poverty reduction programs.
Governance Today (2021) the persistence of poverty in some countries is closely linked to weak governance structures and limited inclusiveness in decision making processes. Deficiencies in transparency, accountability, and participatory mechanisms result in inefficient resource allocation, suboptimal implementation of development programs, and weak monitoring of policy outcomes. Under such conditions, poverty reduction initiatives often fail to generate tangible impact, leading to mismanagement of resources and stagnation in social and economic progress. Thus, effective governance is a prerequisite for transforming development strategies into concrete, sustainable poverty reduction outcomes.
Falconer and Arnold (1989); Falconer (1990) environmental degradation and poverty exhibit a mutually reinforcing relationship, creating a vicious cycle of ecological and socio-economic fragility. In many developing countries, including Nigeria, poor households rely heavily on natural resources and ecosystems to meet their basic needs and generate income. These environmental resources often serve as safety nets during periods of economic distress, particularly in rural and marginalized communities. This interdependence sustains a self-perpetuating cycle, where environmental degradation, high fertility rates, and persistent poverty reinforce structural vulnerability. As Dasgupta (1993) emphasizes, the depletion of environmental resources can exacerbate poverty among specific population groups, even in contexts of overall economic growth.
Saunders et al. (2012) high levels of crime and violence significantly affect human security and quality of life, with disproportionate impacts on poor urban communities. Although all socioeconomic groups experience the consequences of crime, marginalized populations are particularly vulnerable due to their preexisting fragility. The economic costs of crime include expenditures on law enforcement, judicial processes, prison construction, and medical care for victims. Beyond financial implications, crime and violence have profound social repercussions, entrenching poverty by undermining social cohesion, restricting economic opportunities, and perpetuating deprivation across generations.
Krugman and Obstfeld (2009) macroeconomic imbalances represent a common challenge in both developing and advanced economies. They often arise from natural disasters, terms of trade fluctuations, or balance of payments crises resulting from expansionary demand policies. Such imbalances frequently require broad structural reforms, yet they simultaneously increase the exposure of the poor to vulnerability and deprivation.
Large scale macroeconomic shocks and systemic economic failures primarily exacerbate poverty by constraining the poor’s ability to utilize their most important asset labor. Economic policies or conditions that lead to price inflation, reduced access to credit, or limited employment opportunities directly impair household welfare, reinforcing intergenerational cycles of poverty.
Zheng (1997) effectively addressing global poverty requires a nuanced understanding of its context specific causal factors across economic, social, and institutional domains, followed by the design of evidence based, targeted interventions. Because the causes and forms of poverty vary widely across countries and regions, poverty reduction strategies must be flexible and context sensitive, reflecting local realities and structural constraints.
The most vulnerable nations face acute challenges, highlighting the urgent need for strategic mobilization of financial resources to bridge investment gaps and support the development of sustainable and inclusive infrastructure. Key investments include sanitation, healthcare, education, urban renewal, and institutional capacity building all of which form the foundation of comprehensive poverty reduction strategies.
At the national level, governments must focus on strengthening social protection systems, reducing inequality, improving governance, combating food insecurity, addressing infrastructure deficits, and mitigating the adverse effects of climate change, ozone depletion, and deforestation Zheng (1997).
Addressing inequality in access and widening income disparities remains a critical priority. Efforts should aim to narrow urban–rural divide, particularly by enhancing agricultural productivity and expanding non-agricultural employment opportunities. Unplanned rural to urban migration, increasingly prevalent in many developing countries, contributes to urban overcrowding and strains essential services such as water supply, sanitation, and affordable housing.
Strategies for resource mobilization and allocation require careful reassessment, especially amid growing uncertainty surrounding private capital flows and official development assistance, including remittances and foreign direct investment, which have traditionally been key sources of development financing. Similarly, revitalizing the informal sector is crucial, as it remains the primary source of livelihood for the poor. Strengthening sectors and activities that directly engage poor and vulnerable populations continues to be among the most effective means of reducing economic inequality.
Sustainable poverty reduction also depends on the responsible management of natural resources and biodiversity, alongside efforts to promote agricultural development and support small and medium sized enterprises (SMEs) that drive inclusive and resilient economic growth. Ensuring food security for the poor and vulnerable is fundamental, as hunger, malnutrition, and food insecurity remain major barriers to human development. Achieving sustainable improvements in living standards requires the continuous availability of safe, nutritious, and affordable food, supported by a productive agricultural sector, effective technology transfer, reliable rural transport networks, and efficient supply chains.
ESSAP (2016) effective poverty reduction initiatives must prioritize the needs of vulnerable groups, including women, girls, the elderly, and marginalized rural populations. Structural inequalities such as the misapplication or absence of inheritance rights and ambiguous property ownership further marginalize these groups and constrain their access to economic opportunities and social mobility. Strengthening their capacities through skills development, asset accumulation, and improved access to public services including equitable access to healthcare, microfinance, education, and productive markets provides a powerful mechanism for enhancing their economic participation and enabling them to benefit from economic growth.
   2.6.3 Comparative Studies
Comprehensive social protection systems form the cornerstone of national poverty reduction strategies for vulnerable populations. These systems include free primary and secondary education, affordable healthcare, minimum wage policies, unemployment benefits, disability assistance, pensions for the elderly, widow support, cash transfer programs, microfinance initiatives, and maternal and child support services. Social protection does more than shield individuals from external shocks and economic vulnerability it also prevents poverty relapse, enhances labor productivity, facilitates occupational mobility, encourages entrepreneurship and calculated risk taking, and stimulates domestic consumption rather than precautionary saving ESSAP (2016). Empirical evidence shows that countries allocating a higher share of public expenditure to social protection consistently record lower income poverty rates, underscoring the effectiveness of these interventions in promoting inclusive growth.
Report on the Development of Asia Pacific Countries with Special Needs (2017) despite these measures, many countries with special needs continue to face severe infrastructure deficits, often due to underinvestment, shortages of skilled human resources, and institutional inefficiencies. Such deficits constrain sustainable development and limit opportunities for the poor to escape poverty, as infrastructure is a central enabler of broad environmental, social, and economic benefits, including market access, investment opportunities, and public service delivery.
Accordingly, infrastructure development remains an indispensable cornerstone for providing essential services, facilitating market integration, and expanding social opportunities. Investment in roads, railways, bridges, and waterways enhances the mobility of people, goods, and production inputs, while reliable energy supply such as electricity and natural gas is vital for sustaining rural enterprises and industrial sectors. Furthermore, information and communication technologies (ICTs) enhance productivity, expand economic opportunities, and foster innovation. Strong health, education, and sanitation systems form the foundation of inclusive growth and sustainable development, empowering the poor and vulnerable to participate effectively in economic and social life.
The formalization of multidimensional poverty measurement in the early twenty-first century represents a methodological milestone in the economics of social welfare. Alkire and Foster (2010; 2015) developed  Multidimensional Poverty Index (MPI) using the Dual-Cutoff Method, which classifies individuals as poor when they experience simultaneous deprivations across multiple dimensions of human well-being. 
This framework operationalized Amartya Sen’s Capability Approach Sen (1992, 1997, 2006) into a practical tool, combining decomposability with the ability to conduct cross-country comparisons. Owing to its axiomatic foundations and analytical flexibility, MPI has become the most widely adopted and influential framework for measuring multidimensional poverty globally (Alkire and Foster, 2011; Alkire et al., 2015).
The dual-cutoff method relies on two fundamental thresholds, within dimension cutoff, which identifies whether an individual is deprived in a specific indicator (e.g., years of schooling or access to clean water). And cross dimensional cutoff, which defines multidimensional poverty when weighted sum of deprivations exceeds a critical value. This dual cutoff structure provides considerable dimensional flexibility and population decomposability, enabling consistent poverty analysis across regions and subgroups. 
In his seminal article, Conceptualizing and Measuring Poverty, Sen (2006) emphasized the need for a multidimensional understanding of deprivation that transcends simple income shortfalls. He argued that poverty constitutes a failure to achieve basic human capabilities, including health, education, dignity, and social participation. Structural dimensions of deprivation such as housing market discrimination, gender inequality, and social exclusion are central to contemporary poverty. In doing so, Sen reframed inequality as a matter of inequality in fundamental capabilities, linking ethical theory, social justice, and public policy. 
Researches on the determinants of multidimensional poverty has expanded considerably in recent decades. While health, education, and basic services remain core dimensions, scholars have incorporated additional factors such as freedom, empowerment, and social capital as integral components of human well-being Sen (2005); Rippin (2017); Decerf (2023). In this context, Castleman (2013; 2016) introduced the concept of human recognition, defined as the extent to which individuals are acknowledged, respected, and valued by society. He demonstrated that higher levels of social recognition enhance personal well-being, promote social inclusion, and generate tangible economic returns, thereby adding a new ethical dimension to poverty measurement by linking dignity and recognition with material indicators.
In their influential article, Understandings and Misunderstandings of Multidimensional Poverty Measurement Alkire and Foster (2011), Alkire and Foster provided a conceptually rigorous framework for multidimensional analysis, identifying five core methodological principles such as Dual-cutoff identification, Decomposability, Dimensional weighting, Sensitivity to inequality among the poor, and Sensitivity to changes in deprivation intensity
This framework represents a synergy of theoretical rigor and empirical consistency, establishing a global standard for multidimensional poverty measurement and social policy evaluation.
Intellectual roots of this framework trace back to Alkire (2007) Choosing Dimensions: The Capability Approach and Multidimensional Poverty within The Many Dimensions of Poverty where she systematically discussed how to select appropriate dimensions for poverty measurement within the Capability Approach. Alkire emphasized that poverty should be understood as deprivation of basic capabilities, not merely insufficient income. She advocated a mixed-method approach, combining normative analysis with community participation, allowing the integration of locally relevant dimensions alongside globally recognized indicators such as education, health, and living standards. This balance between global comparability and local specificity has become foundational in the design of contemporary poverty indices.
Sen’s Capability Approach and multidimensional measurement framework advanced by Alkire have fundamentally reshaped the conceptual architecture of poverty measurement. They provide the ethical foundation, theoretical consistency, and methodological precision required to integrate non-monetary dimensions of human well-being into economic measurement. Recent developments in poverty research reflect a continuous shift from static, income-based indicators toward dynamic, context sensitive, and capability-focused frameworks. Contemporary studies have expanded both the conceptual foundations of poverty measurement by incorporating education, spatial dynamics, and uncertainty in weighting, thereby enhancing both the analytical precision and ethical depth of assessment.
Hannum and Xie (2016) examined complex relationship between poverty and education, highlighting a critical gap between how poverty is conceptualized in educational research versus mainstream literature. Education serves three key functions: transmitting knowledge, socializing children, and either perpetuating or mitigating intergenerational inequality. Their analysis demonstrated that poverty at the household, community, and national levels influences educational outcomes differently limiting access, constraining attainment, and reinforcing inequality. They concluded that education is simultaneously a cause and remedy for poverty, positioning it as a central capability within the human development framework.
Building on these theoretical foundations, Mahdy (2017) developed an analytically advanced poverty index that represents a significant methodological and ethical advancement in the field. Unlike traditional approaches that rely on the homogeneous treatment of poor individuals, the proposed framework introduces a distribution-sensitive functional structure.The model assigns differentiated importance to individuals according to their relative position below the poverty line, thereby providing a more accurate and realistic representation of varying levels of deprivation. Moreover, the framework reflects a clear commitment to principle of distributive justice, ensuring that the measure carries meaningful statistical significance. Accordingly, Mahdy’s formulation can be viewed as an important extension of classical poverty measures, offering a more suitable for understanding and addressing poverty.
Alkire and Jahan (2018) extended this integration in their report, The New Global MPI 2018: Alignment with the Sustainable Development Goals (UNDP), which reconceptualized Global Multidimensional Poverty Index (MPI) to explicitly align with Sustainable Development Goals (SDGs). They measured acute deprivations in health, education, and living standards using standardized global indicators while emphasizing key methodological principles communicability, decomposability, reliability, and data coverage to ensure global comparability without neglecting national contexts. These improvements strengthened MPI’s role as both an analytical and policy monitoring tool within the SDG framework.
In the domain of multidimensional child poverty, Abdu and Delamonica (2018) proposed a conceptually consistent yet simplified model for measuring overlapping deprivations such as nutrition, education, and shelter enhancing policymakers’ ability to interpret results. Their contribution underscored the value and conveying complex multidimensional outcomes without compromising analytical depth, highlighting the need for child specific poverty frameworks within broader policy design.
Subsequent research has further extended measurement across time and space. Alkire et al. (2020) analyzed the dynamics of global poverty during crises, emphasizing the necessity of real time multidimensional data to inform policy responses, particularly during economic or health shocks. Later work (2021) introduced novel approaches to poverty mapping using machine learning and satellite based remote sensing to predict near real time deprivations. These innovations represent a methodological convergence between development economics and computational modeling, offering novel pathways for geographically detailed and temporally adaptive poverty estimation.
Despite these advances, much of the literature remains centered on monetary income. Bourguignon et al. (2021) observed that most studies on poverty and growth estimate the elasticity of income poverty to economic growth, largely overlooking non-monetary deprivations. Studies such as Delbianco et al. (2019) and Alkire et al. (2017) indicate that while economic growth reduces income poverty, its effect on multidimensional poverty is less direct and depends on interactions with education, health, and institutional inclusion. The 2030 Agenda for Sustainable Development recognizes these complexities, emphasizing that poverty is inherently multidimensional and must be addressed by simultaneously expanding capabilities and access to essential services.
In this context, Peragine et al. (2021) offered an axiomatic analysis of poverty ranking based on binary properties, distinguishing between Headcount Index (incidence-based) and Attribute Gap Index (depth-based). They showed that each index satisfies different sets of properties, such as monotonicity and decomposability, and that aggregation choices significantly affect poverty ranking. Their empirical findings underscored that axiomatic precision remains critical in multidimensional contexts where deprivation indicators are discrete.
Collectively, these studies demonstrate remarkable theoretical and empirical maturation in poverty measurement. The field has evolved from simple, unidimensional indicators to multidimensional, distribution sensitive, uncertainty aware frameworks capable of integrating ethical, spatial, and dynamic dimensions of deprivation. 
These new indices extend beyond the additive logic of FGT and MPI indicators by introducing explicit social weighting functions aggregation mechanisms that capture interaction effects among deprivations. In doing so, they respond to Sen’s call for morally sensitive poverty measurement Sen (1976; 2011) while meeting the empirical need for context aware, decomposable, and policy relevant indicators, fully aligned with the complex realities of twenty first century poverty.
Kneib et al. (2021) introduced a multivariate copula based model for measuring poverty using mixed type indicators, integrating ordinal variables (e.g., education) with continuous ones (e.g., income) within a unified probabilistic framework. The authors employed a Generalized Additive Model for Location, Scale, and Shape (GAMLSS) within copula structure, allowing flexible modelling of dependency patterns among dimensions. The key innovation of this model lies in its ability to estimate the joint distribution of multidimensional outcomes such as income and educational attainment using a parametric copula function. This approach captures nonlinear associations and tail dependencies between deprivation dimensions, while allowing spatial covariates to influence dependence parameters, thus accounting for contextual heterogeneity across regions. The model was implemented using GJRM package in R on Indonesian household data, revealing that strength and structure of interdimensional dependencies vary spatially depending on regional and social contexts.
Although the study did not propose new axioms or welfare-theoretic properties, its statistical contribution was substantial. By identifying the full joint distribution of poverty dimensions, it provided a robust foundation for understanding both interdimensional correlations and spatial dependence among deprivations thereby paving the way for the development of new context sensitive and interaction aware poverty measures.
In contrast, Dutta (2011) offered a critical assessment of data driven weighting schemes in multidimensional poverty measurement such as those derived from Principal Component Analysis (PCA) or indicator frequency methods. Through rigorous axiomatic reasoning, Dutta demonstrated that these techniques may violate key properties of poverty measures, including Monotonicity and Subgroup Consistency. Using analytical proofs and empirical applications with data from Ecuador and Uganda, the study showed that PCA based weights can yield non-intuitive poverty rankings and distorted intergroup comparisons.
In a related advancement, Pérez et al. (2022) extended copula modelling techniques to the European context, analyzing dependence among the three dimensions of At Risk of Poverty or Social Exclusion (AROPE) indicator: low income, low work intensity, and severe material deprivation. While the study did not introduce a new index, it focused on estimating joint statistical dependence and tail co-movements that is, the probability of experiencing multiple deprivations simultaneously.
Using EU-SILC data (2008 ; 2014), the authors applied vine copula models (both parametric and nonparametric) to estimate downside dependence and nonlinear Spearman correlations among dimensions. The results revealed strong orthant dependence simultaneous occurrence of deprivations indicating that individuals facing income poverty are substantially more likely to experience material deprivation and weak labor participation. The estimation employed Markov Chain Monte Carlo (MCMC) algorithms, demonstrating the capacity of copula models to capture joint dependence structures without assuming predefined marginal distributions.
Trivisano (2022) made a significant contribution to the field by developing a Bayesian Small Area Estimation Framework for measuring poverty and inequality at subregional levels. The model characterizes the distribution of individual incomes as a finite mixture of log-normal distributions, enhancing both flexibility and precision compared with the traditional single log-normal assumption. This approach captures heterogeneity and skewness in income data, allowing for more accurate estimates of poverty and inequality in small-sample regions.  The analysis revealed that the posterior moments of some poverty indices may fail to exist under standard assumptions particularly when variance parameters are weakly identified. To address this, Trivisano proposed the use of Generalized Inverse Gaussian (GIG) priors for the variance components, ensuring the existence and stability of posterior moments. The model was implemented using a fully Bayesian approach with Markov Chain Monte Carlo (MCMC) algorithms on EU-SILC data for Italy. Its key strength lies in producing reliable subnational poverty estimates while explicitly incorporating uncertainty as an inherent component of the estimation process.
In a parallel contribution, Brown, et al. (2022) provided a synthetic analysis of intra-household poverty measurement, re-examining the foundations of welfare distribution within families. Their study, published in IZA World of Labor, explored two principal approaches: equivalence scales, which adjust income according to household composition, and collective models, which conceptualize the household as a bargaining unit in welfare allocation.
The authors demonstrated that even small changes in equivalence scale parameters such as economies of scale coefficient (α) or relative weight assigned to children (β) can alter household poverty rankings and even reverse gender based comparisons of headship. Traditional poverty metrics, they argued, implicitly assume full pooling of resources, an unrealistic premise that overlooks intra-household inequalities. This study underscored the importance of introducing micro-ethical sensitivity into poverty analysis particularly in understanding gender disparities and intra-family welfare dynamics. It reaffirmed that ethical considerations are as crucial as statistical precision in achieving a holistic understanding of deprivation.
Scheja and Vollmer (2023) introduced Moderate Multidimensional Poverty Index (Moderate MPI) as an extension of the Global MPI, designed to measure moderate rather than severe deprivations. The innovation lies not in its axiomatic foundation still grounded in Alkire and Foster dual-cutoff methodology but in its revised deprivation thresholds across key dimensions such as education, nutrition, and asset ownership.
Applied to household data from Bangladesh and Mexico, the index revealed that the proportion of the poor nearly doubles when moderate thresholds are used, signaling a shift in ethical perspective from measuring extreme deprivation to assessing adequate living standards. This normative evolution aligns closely with the spirit of the Sustainable Development Goals (SDGs), which emphasize comprehensive human well-being rather than mere survival.
Villar (2023) proposed a theoretical reformulation of poverty as a loss in social welfare, derived directly from a social welfare function and a vector of socially acceptable minimum standards. In this framework, poverty is defined as a negative deviation from the socially accepted level of welfare, thereby unifying the dimensions of incidence, intensity, and inequality into a single conceptual equation.
Although the study remained theoretical and lacked formal axiomatic proofs or empirical validation, it established a rigorous welfare theoretic foundation for poverty indices. Villar demonstrated how the integration of societal ethical preference orderings can yield normative poverty measures with clear social interpretation. He further illustrated the concept empirically using components of Human Development Index (HDI) health, education, and income to evaluate cross-country poverty as a proportionate loss in social utility, effectively bridging welfare economics and poverty measurement as dimensions of collective human achievement.
The works of  Trivisano (2022), Brown et al. (2022), Scheja and Vollmer (2023), and Villar (2023) together illuminate three intersecting trajectories shaping the future of poverty research:
1- Statistical Refinement: The use of Bayesian and mixture models Trivisano, (2022) enhances estimation accuracy and quantifies uncertainty in small area poverty and income distribution analyses.
2- Ethical Sensitivity and Household Structure: Incorporating intra-household poverty analysis Brown et al. (2022) exposes gender and micro-level welfare disparities, advancing a more ethically grounded understanding of poverty.
3- Normative Expansion: The extension of welfare based frameworks and the elevation of deprivation thresholds (Scheja and Vollmer, 2023; Villar, 2023) signify a conceptual transition from basic survival metrics to standards of human adequacy and flourishing.
Collectively, these directions reveal a growing consensus that poverty should be understood as a multidimensional, ethically weighted, and statistically grounded phenomenon. Yet, they also expose a persistent gap: the absence of a unified framework that harmonizes axiomatic rigor, social weighting, and distributional interaction sensitivity without sacrificing decomposability or interpretability.
Au (2023) challenges the prevailing reliance on relative poverty lines typically set at 50% or 60% of median income arguing that such thresholds obscure the true cost of basic living in high expense urban settings. Using Hong Kong as a case study, Au compared a Cost of Living Based Poverty Line, derived from a basket of essential consumption goods, with the conventional relative measure. The findings were striking: the cost based approach yielded a poverty rate of 44.5%, compared with 23.6% under the relative line Nature (2023). While Au did not introduce a new model, his analysis redirected attention toward the ethics of sufficiency and affordability, emphasizing the conceptual tension between absolute material deprivation and relative social positioning.
Dutta and Mishra (2023) extended the theoretical foundations of poverty measurement by proposing a model of Vulnerability to Poverty under Uncertainty, framing poverty as a dynamic probabilistic condition rather than a static state. Their framework defines vulnerability as the likelihood of falling below poverty line in the future due to income fluctuations or economic shocks, thus linking current deprivation to prospective welfare risk.
The approach comprises three stages: identification, individual vulnerability assessment, and aggregate estimation, grounded in the concepts of Expected Shortfall and earlier works by Ligon and Choudhury. Although no new axioms were introduced, the study offered a vital risk analytic perspective, urging that poverty assessments should encompass both actual deprivation and exposure to future impoverishment a paradigm shift toward forward looking poverty analysis.
Charamba et al. (2023) advanced an innovative model for poverty measurement using Item Response Theory (IRT), proposing a composite Rasch based index to measure household food security. The index integrated data from the Household Dietary Diversity Score (HDDS), the Household Food Insecurity Access Scale (HFIAS), and the Months of Inadequate Household Food Provisioning (MIHFP). Estimated via Maximum Likelihood under a logistic latent trait assumption, the model demonstrated a strong correlation with both household income and the Lived Poverty Index (LPI) using survey data from Windhoek, Namibia confirming the construct validity of the proposed measure.
Ceriani and Verme (2021), in their ECINEQ Working, provided an influential methodological review on handling zero and negative incomes in poverty estimation. Although they did not propose a new index, their work highlighted a persistent statistical and ethical dilemma: how to represent households with negative or loss making incomes in quantitative poverty measures. The authors demonstrated that common practices such as replacing negative incomes with zero values distort welfare measurement by erasing crucial information about indebted or financially distressed households, which may, in fact, be more deprived than those with zero income.
Brown et al. (2022) this IZA World of Labor article reviews intra-household poverty measurement. It does not propose a new index, but it discusses methods: equivalence scales and collective models. The paper explains how choosing different equivalence parameters (economies of scale α, child weight β) can affect poverty comparisons by gender of household head. It does not prove new axioms or derive proofs, but it cites a recent study showing that small changes in α can flip the poverty ranking of female vs. male-headed households. It is essentially expository no original empirical tests. Key methods discussed include equivalent income calculations (OECD scale, square root scale) and the collective model approach. There is no assumed distribution; the focus is on inequality within households.
Villar (2023) formulates poverty as a social welfare loss. He derives a poverty index from a chosen social welfare function and vector of minimum standards. This aggregate achievement approach explicitly combines incidence, intensity, and inequality into one formula. The paper is theoretical: it proposes axioms of a welfare function but does not solve for them formally here. It provides a derivation of the index from welfare principles. Empirically, the method is illustrated by calculating between country poverty using the Human Development Index dimensions. No new econometric tests are done. The index is computed from actual outcomes (health, education, income) using the derived formula, without assuming a specific statistical distribution (it is a ratio of utilities).
Au (2023) critiques standard relative poverty lines. He argues in favour of an absolute “cost of living” poverty line (based on essential goods) instead of a relative median based line. There are no new axioms or formal poverty index is largely empirical and conceptual. Hong Kong data shows that a cost of living line yields a much higher poverty rate (44.5%) than 50% median (23.6%) nature.com. Estimation in practice is constructing a consumption bundle poverty line; no econometric model is used. Distributions: he fits no parametric model, simply reports summary results.
Dutta and Mishra (2023) this working paper offers a conceptual framework for vulnerability to poverty under uncertainty. It defines poverty vulnerability as arising from income shocks and outlines a three step measurement (identification, individual vulnerability calculation, aggregate). No specific poverty index is defined, so no new axioms, but it builds on poverty measurement theory under uncertainty. Formal models are sketched (using expected shortfall concepts) but detailed proofs are not the focus. Empirical suggestions are made (e.g. requiring panel data or covariates) but no concrete data analysis is shown. Methods discussed include combining poverty lines with variance of future income (building on Ligon’s and Chaudhuri’s approaches). There are implicit distributional assumptions (e.g. normal income shocks) if one follows their suggested formulas, but no specific distribution is imposed in the conceptual framework.
Charamba et al. (2023) this study uses Item Response Theory (IRT) to build a new composite index of household food security. It combines items from three existing scales (HDDS, HFIAS, MIHFP) into one Rasch model based index. There are no poverty axioms per se. The methodology includes model specification and estimation (Rasch model is essentially a logistic latent trait model). It then validates the new index empirically (correlation with income and an external Lived Poverty Index) using data from Windhoek, Namibia. The estimation is maximum likelihood for the IRT model. The implicit distribution is the logistic for the latent food security trait (Rasch model).
Decerf (2023) this theoretical paper provides the first axiomatic comparison of two global poverty line approaches: the “objective” (cost of basic needs) rule and the “welfaristic” (subsistence income) rule. It lays out axioms that capture Hicksian vs. Slutsky adjustments and heterogeneous prices/preferences. Propositions characterize how each rule satisfies different normative principles. There are no empirical tests. The “estimation” here is analytical: he shows how to compute poverty line adjustment under each rule. No statistical distribution is involved, it is consumer theory.
Maitra (2024) this J. Econ. Behav. Org. critically examines using durable goods ownership as an indicator of poverty. It asks what drives durable spending and how it relates to relative poverty. It does not propose a derive axioms; rather it questions the meaning of “relative poverty” when measured by durables. The work is mainly conceptual, though it likely includes examples (not detailed in the abstract). No proofs are presented. The methodological emphasis is on theory no specific estimation method is advanced, and there is no assumption of a particular distribution (it discusses equivalence scales and rankings qualitatively).
Recent Contributions, the Expanded Child Tax Credit study demonstrated how fiscal economy tools can swiftly alleviate child poverty. These results validate the importance of incorporating economy responsiveness into poverty indices, Then UK COVID-19 inequality studies, 2025 show how health shocks and economic crises exacerbate multidimensional deprivations. 
Ultimately, This review highlights the evolution from unidimensional to multidimensional poverty assessment, the growing integration of estimation techniques, and the emergence of rigorous models. Despite significant progress, the literature reveals persisting challenges: limited generalizability across contexts, insufficient treatment of distributional characteristics, and lack of synthesis between theory and empirical validation. These gaps inform the construction of the new statistical poverty measure proposed in this dissertation, which aims to blend soundness with empirical applicability across varied socioeconomic contexts.
Decerf (2024) made a foundational theoretical contribution through the first axiomatic comparison of the two dominant poverty line paradigms: the Cost of Basic Needs (CBN) Rule and the Subsistence Income Rule. Drawing from consumer theory, Decerf showed that each rule satisfies distinct normative properties: the CBN rule reflects Hicksian cost of utility adjustments, while the subsistence rule aligns with Slutsky style welfare consistency. His findings illuminated how poverty lines should adapt to changes in prices and preferences, highlighting the ethical dimension underlying the choice of a reference welfare level.
From a behavioral economics perspective, Maitra (2024) critically examined the use of durable goods ownership as an indicator of relative poverty. Maitra argued that durable consumption does not necessarily reflect true well-being, as it may capture status preferences or intertemporal trade-offs between current and future consumption. He cautioned that incorporating such assets into relative poverty measures may distort welfare assessments, conflating consumer preferences with structural deprivation. The collective insights from these contemporary studies highlight several converging research trajectories that are reshaping how poverty is conceptualized and measured:
• Redefining Poverty Lines: Both Au (2023) and Decerf (2023, 2024) reframed the debate around poverty thresholds by balancing cost of living realism with normative welfare foundations, linking empirical affordability to ethical standards of sufficiency.
• Integrating Risk and Dynamics: Dutta and Mishra (2023) expanded the poverty concept to incorporate temporal and probabilistic dimensions, redefining poverty as a stochastic process that captures exposure to economic volatility and welfare risks.
• Latent and Behavioral Dimensions: Charamba et al. (2023) and Maitra (2024) introduced psychometric and behavioral perspectives, integrating latent trait modeling and status based critique into multidimensional poverty analysis.
• Ethical Statistical Synthesis: Works by Villar (2023) and Scheja and Vollmer (2023) further reinforced the integration of welfare theory with empirical measurement, establishing a coherent normative statistical framework for assessing human deprivation.
Recent studies have significantly broadened the scope of poverty research to encompass financial, health, and policy dimensions within measurement frameworks demonstrating that poverty is not a static condition but a dynamic, multidimensional process that interacts continuously with policy interventions and external shocks.
For instance, the study on Expanded Child Tax Credit Ettinger de Cuba et al. (2025) illustrated how targeted fiscal instruments can rapidly and measurably reduce child poverty, highlighting the importance of embedding policy sensitivity within poverty indices an attribute largely absent in conventional static measures. Similarly, analyses by UK Health Security Agency (2025) revealed how public health crises and economic shocks, such as the COVID-19 pandemic, amplify overlapping deprivations in health, housing, and income. These findings reinforce the understanding of poverty as a relational and temporal phenomenon, deeply interwoven with structural vulnerabilities and social policy dynamics.
such evidence underscores a growing realization: traditional measurement tools are no longer sufficient. Modern poverty indices must be flexible enough to capture the immediate interactions between social policies, vulnerability, and multidimensional well-being. Advances in latent trait modeling, enhanced empirical precision, and the integration of theory with data have undoubtedly refined measurement quality; yet, crucial limitations persist that prevent current indices from fully representing poverty or guiding equitable policymaking.
Despite major progress from absolute and relative metrics to axiomatic and multidimensional frameworks the literature continues to expose persistent theoretical, normative, and empirical gaps. These deficiencies collectively motivate the development of a new poverty measure that integrates statistical rigor with ethical responsiveness.
2.7 Studies on Social Weighting in Poverty Measurement

The integration of social weighting into poverty measurement emerged as a major theoretical development aimed at incorporating ethical sensitivity and distributive justice into the evaluation of deprivation among the poor.
    2.7.1 Theoretical Contributions 
In social Weighting Function, each poor individual is assigned a social weight , reflecting the societal importance of alleviating their poverty. This weight captures social preference for individuals who are lower in the income distribution. social weight can be represented as:
       .                                                 (2.6)
Where  controls the sensitivity of the index to the most severely poor.

    2.7.2 Empirical Applications
Social weighting function reflecting ethical concern for distributive justice, Mahdy (2017). A weighting function which incorporates equity sensitive considerations by assigning higher weights to individuals who are most disadvantaged. This allows the index to reflect societal preferences for prioritizing the welfare of the poorest of the poor, Sen (1992); Alkire and Foster (2011).
    2.7.3 Methodological Challenges

          Absence of Explicit Social Weighting Mechanisms, conventional poverty measures whether unidimensional or multidimensional typically treat all poor individuals as though their deprivation carries equal social value (Sen, 1976; Atkinson, 1987; Alkire & Foster, 2011). Such uniform treatment overlooks critical social priorities that assign greater moral importance to chronically poor individuals, children, and marginalized groups.
The lack of explicit social weighting weakens the distributive justice principle and prevents the representation of implicit social preferences within the structure of equitable economic design Nussbaum (2003); Mahdy (2017); Rippin (2017).
Through the integration of reverse gaps (R-approach) and explicit social weighting functions, the proposed framework enhances sensitivity to inequality among the poor and aligns the act of measurement with broader ethical considerations of justice, fairness, and social equity Mahdy (2017); Rippin (2017); Decerf (2023).
Theoretically, these innovations expand the conceptual boundaries of poverty analysis by enriching the normative and distributive dimensions of measurement. They provide new analytical tools for understanding the moral structure of deprivation and the social meaning of inequality bridging the divide between welfare economics and ethical philosophy.
2.8 Inequality-Sensitive Poverty Measures
The development of inequality-sensitive poverty measures reflects an important in poverty analysis toward incorporating distribution of deprivation among the poor, rather than focusing solely on poverty incidence or average shortfalls.

    2.8.1 Theoretical Developments
The development of distribution sensitive poverty measures represents one of the most significant conceptual advances in modern poverty analysis. Among these, Sen Index (1976) stands as a pioneering step, as it integrates the three central dimensions of poverty incidence, depth, and inequality among the poor into a single composite measure. Sen Index provides an elegant and ethically grounded synthesis, satisfying both the monotonicity and transfer axioms. However, despite its theoretical richness, it faces two main methodological limitations.
    2.8.2 Empirical Evidence
Sen Index is not additively decomposable that is, the overall poverty measure cannot be expressed as the population weighted sum of subgroup poverty measures. This limits its applicability in regional, gender based, or sectoral analyses where subgroup comparisons are required for policy design.
Limited Sensitivity to Distributional Changes, although the inclusion of  improves sensitivity to inequality, the Sen Index is less responsive to intra-poor redistributions than higher order members of  Foster, Greer and Thorbecke (FGT) class with , which explicitly assign greater weight to those furthest below poverty line.
    2.8.3Ethics and Empirical Precision
To address some of these limitations, Dag Thon (1979) proposed an alternative formulation Thon Index (T) designed to enhance distributional sensitivity while retaining the fundamental dimensions of poverty. Formally, Thon Index is defined as:
,
where,  is headcount ratio,  is mean poverty gap, and  is Gini coefficient among the poor. This specification introduces a conceptual correction to the Sen formulation by adjusting average poverty depth (I) according to the degree of inequality . The result is a measure that is more linear, empirically stable, and distribution sensitive.
Advantages of Thon Index, Thon Index responds more sharply to income transfers among the poor. A progressive transfer (from a less poor to a poorer individual) reduces measured poverty more substantially, while a regressive transfer increases it. This responsiveness aligns closely with welfare principles emphasizing distributive justice and social fairness.
While not perfectly decomposable, Thon Index offers greater reliability for subgroup disaggregation (e.g., by region, gender, or socio-economic class) compared to the original Sen measure (Ravallion, 2016). This property enhances its policy relevance for targeted poverty interventions. Thon Index approximates Squared Poverty Gap (SPG), or :

both measures exhibit high sensitivity to inequality among the poor. FGT class extends this logic further by introducing a poverty aversion parameter (α), enabling continuous adjustment of sensitivity and complete decomposability an essential feature for empirical poverty analysis.
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	Theoretical Dimension
	Sen (1976)
	Thon (1979)
	FGT (1984)

	Transfer Sensitivity
	Introduced qualitatively
	Enhanced quantitatively
	Parameterized through 

	Decomposability
	Non-decomposable
	Partially decomposable
	Fully decomposable

	Inequality Sensitivity
	Moderate via 
	Stronger and more direct
	Adjustable via 

	Applicability
	Limited to aggregate analysis
	Useful for subgroup analysis
	Highly flexible for cross-country and sectoral studies


2.9 Country-Specific Studies: Focus on Egypt and MENA
Empirical research on poverty within Egypt and broader Middle East and North Africa (MENA) region has revealed complex and context specific patterns of deprivation, reflecting the structural heterogeneity and socioeconomic disparities characteristic of developing economies. The region exhibits both absolute and relative forms of poverty driven by unemployment, income inequality, political instability, and demographic pressures. In this context, the evolution of poverty measurement frameworks has sought to capture these multidimensional realities more accurately, moving beyond income based indicators toward capability and deprivation sensitive approaches.
The Egyptian and MENA experiences illustrate the progression from simple income based poverty assessment to multidimensional, ethically informed, and statistically rigorous frameworks. These developments underscore the growing recognition that poverty is not only an economic phenomenon but also a reflection of inequality, social exclusion, and structural vulnerability. As such, country specific and regional approaches must continue to evolve, combining methodological precision with social relevance to effectively capture the complex realities of deprivation across the Arab region.
2.9.1 Egyptian Poverty Studies
Recent Egyptian studies have focused on the spatial heterogeneity of poverty and the role of structural factors such as labor market participation, demographic composition, and rural–urban disparities. Findings consistently indicate that poverty in Egypt is concentrated among rural households in Upper Egypt, large families, and individuals engaged in informal employment or agricultural labor. Empirical evidence also shows that although the national headcount ratio has declined in certain years, poverty intensity and inequality within poor groups have persisted. This highlights the need for measures that account not only for the incidence of poverty but also for the distribution of deprivation a recurring theme in Egyptian poverty literature.
Over the past two decades, empirical poverty research in Egypt has undergone a significant transformation, evolving from simple income based assessments to more comprehensive multidimensional poverty frameworks. Early studies primarily relied on Headcount Ratio and Poverty Gap Index derived from household survey data collected by the Central Agency for Public Mobilization and Statistics. These traditional indicators provided an initial understanding of the extent of poverty, but offered limited insights into its depth, severity, and inequality among the poor.
Historically, poverty analysis in Egypt has been based on income and expenditure surveys, particularly the Household Income, Expenditure, and Consumption Surveys (HIECS) conducted in collaboration with the World Bank. The earliest studies adopted conventional measures such as  Headcount Ratio and Poverty Gap Index, focusing primarily on consumption based poverty lines.
Furthermore, studies by Ravallion and Hoddinott (2016) and El-Laithy (2019) demonstrated that despite fluctuations in aggregate poverty rates following economic reforms and subsidy restructuring, the vulnerability of low income households has intensified. This underscores the need for poverty measures that incorporate inequality sensitivity and explicit social weighting, such as the two newly proposed indices in this dissertation, which can more accurately reflect intra-poor disparities and distributive justice within Egypt’s socioeconomic context.
Over the past five decades, several seminal poverty measures have shaped the field, including Watts Index (1968), the inequality sensitive Atkinson measure (1970), seminal Sen Index (1976), and Foster, Greer and Thorbecke (FGT) class of indices (1984). These measures have been instrumental in establishing the normative and analytical foundations of poverty research at national, regional, and global levels.
Recent contributions particularly Alkire et al. (2020) and Mahdy (2017) have developed hybrid models of poverty measurement that combine multidimensionality, empirical realism, and normative consistency. Mahdy (2017), in particular, proposed a new framework for poverty orderings based on stochastic dominance and relative deprivation, providing analytical tools for distributive justice oriented policymaking at both national and regional levels (Rippin, 2017; Suppa & Kanagaratnam, 2025).
National poverty lines may adopt absolute or relative frameworks, though basic needs approach is most common. This method estimates the cost of a basket of essential goods and services including allowances for non-food expenditures adjusted for household size, composition, and sometimes regional cost variations.
poverty line functions as a central reference point in both poverty measurement and policy design. It guides the formulation of social protection programs, determines eligibility for financial assistance, and informs poverty reduction strategies at both national and regional levels. However, income based thresholds while essential for capturing the minimum subsistence needs remain limited in scope.
In other words: Converting from one currency to another (e.g., Egyptian Pound to U.S. Dollar) does not alter the index value. General price inflation does not affect the relative poverty measure. Cross-country, regional, and intertemporal comparisons remain ethically and statistically valid.
2.9.2 Regional Comparisons
         For Egypt, the National Report on Multidimensional Poverty in Egypt, jointly published by UNICEF, OPHI, and national partners, reveals that poverty in Egypt extends beyond income deprivation to encompass multiple forms of deprivation in essential services such as education, health, employment, and housing. The report further indicates that poverty levels are significantly higher in rural areas compared to urban centers. Approximately 21% of the population is identified as multidimensionally poor, with pronounced disparities across regions and social groups.
For the Arab and MENA Region, a report issued by the United Nations Economic and Social Commission for Western Asia (UN-ESCWA), in collaboration with regional partners, demonstrates that poverty in the Arab region is not limited to monetary dimensions but also encompasses inequality and multidimensional deprivation in health, education, and access to basic services. The findings highlight that socioeconomic and political challenges exacerbate the vulnerability of poor populations. Furthermore, the report identifies structural factors such as unemployment and weak social protection systems as key drivers of poverty in the region, making it a complex and multidimensional phenomenon within MENA context.
In the broader Middle East and North Africa (MENA) region, poverty measurement and analysis face several common methodological and structural challenges most notably data gaps, irregular income reporting in the informal sector, and limited temporal comparability of survey data.
Despite these challenges, regional evidence reveals a right-skewed income distribution, where a large proportion of households cluster around or just below poverty line.
Comparative studies between Egypt, Jordan, Morocco, and Tunisia indicate that poverty and vulnerability often coexist with pronounced inequality and limited social mobility. Although extreme poverty rates have declined in some countries, the persistence of chronic and multidimensional poverty, particularly in rural areas, remains a major policy concern.
Regional research also emphasizes the significance of contextual and structural determinants, such as governance quality, public spending efficiency, education systems, and gender disparities. For instance, improvements in education and access to the labor market have proven to have a stronger long-term effect on poverty reduction than direct cash transfers alone.
Overall, regional findings suggest that poverty in the MENA region is not merely an income deficit, but rather a manifestation of social exclusion, institutional weakness, and inequality of opportunity. These patterns highlight the importance of developing context specific, multidimensional measures capable of capturing the complex and interrelated dimensions of deprivation.
Within the region itself, poverty takes diverse forms across oil-rich, middle-income, and low-income economies. Countries such as Morocco, Tunisia, and Jordan have made notable progress in reducing income poverty through targeted social protection programs and rural development initiatives, while politically unstable countries such as Yemen and Sudan face rising poverty and acute food insecurity.
Comparative analyses by the World Bank and the UNDP demonstrate that poverty in the region is not solely a matter of low income but also one of inequality of opportunity, particularly in education and labor market access. The introduction of Multidimensional Poverty Indices (MPIs) in countries such as Morocco and Egypt marks a significant step toward recognizing the multiple deprivations individuals face simultaneously.
Nevertheless, methodological inconsistencies persist across countries especially regarding the definition of poverty lines, the selection of dimensional weights, and the treatment of regional heterogeneity. Building on these efforts, this dissertation proposes that can be adapted at the national level, thereby enhancing comparability and ethical interpretability across the economies of the Middle East and North Africa.
2.9.3 Methodological Adaptations
The development of poverty research in Egypt and Middle East and North Africa (MENA) region has led to the emergence of several methodological innovations and adaptations aimed at more accurately and comprehensively reflecting local realities. These can be summarized as follows:
1- Integration of Non-Monetary Indicators and Inequality Analysis: Poverty measurement in the region has expanded to include non-financial dimensions such as education, housing quality, and access to public services, making multidimensional poverty assessment more precise and realistic. Geographic Information Systems and inequality sensitive indices are increasingly employed to identify spatial patterns of deprivation and intra-regional disparities, supporting policies that target the most vulnerable areas.
2- Adjustment for Regional Cost of Living Differences and Use of Household Microdata: National poverty lines are recalibrated to account for variations in living costs across governorates and between rural and urban areas, ensuring fairness and comparability across regions. Micro-level data allow for detailed analyses at the individual and household levels, enabling researchers to assess poverty across social and spatial subgroups (Subgroup Decomposability) and identify the most affected populations.
3- Simulation Statistical Modelling Approaches: Recent studies have employed statistical models to simulate the structure of poverty and predict its likelihood, helping to overcome data limitations and improve predictive accuracy.
Taken together, these methodological adaptations signify a paradigm shift in poverty research from descriptive to analytical approaches where measurement has become more sensitive to economic, social, and demographic dimensions. This transformation reflects a move toward more equitable and policy relevant measurement frameworks, capable of guiding poverty reduction strategies at both the national and regional levels.
In Egypt, hybrid frameworks have emerged that integrate FGT class indices with capability based indicators to provide a more comprehensive assessment of well-being. The adaptation of such models in the regional context demonstrates MENA region’s shift toward more policy sensitive measures that respond to ethical and social justice considerations.
Accordingly, the methodological framework developed in this dissertation through WRPG and its multidimensional extension (MWRPG) aims to complement existing regional efforts by providing a consistent, decomposable, and ethically grounded approach that can inform both academic inquiry and policymaking in the field of poverty reduction.
2.10 Critical Analysis and Research Gaps

Despite substantial evolution of poverty measurement literature, several theoretical limitations remain unresolved, particularly regarding integration of ethical sensitivity, multidimensional deprivation, and inequality among the poor within a unified analytical framework.

    2.10.1 Theoretical Gaps
Despite significant advances in poverty measurement over the past decades from absolute and relative approaches, to axiomatic indices, to multidimensional frameworks a number of important gaps remain unresolved. These gaps are not merely technical but also normative, limiting the ability of existing measures to fully capture the complexities of poverty and to guide equitable economy responses. 
Three major issues emerge prominently from poverty measurement literature. First, there is a lack of explicit social weighting mechanisms. Most traditional poverty measures, whether unidimensional or multidimensional, implicitly assume that all poor individuals experience deprivation with equal social importance. Although this assumption simplifies aggregation, it ignores the ethical reality that societies and policymakers often assign greater priority to the most vulnerable groups, such as chronically poor, children, or socially marginalized populations. Conventional measures, including FGT class and MPI, do not explicitly incorporate normative social weights, limiting their ability to reflect distributive priorities within poverty reduction policies. Consequently, a gap remains between poverty measurement and policy targeting, since governments frequently seek to prioritize the most deprived groups without having a quantitatively sensitive framework capable of capturing such ethical priorities.

Second, existing poverty measures show limited sensitivity to inequality among the poor themselves. Many indices adequately capture the incidence of poverty and the average shortfall from poverty line, yet they fail to distinguish between moderate and extreme deprivation within the poor population. For example, Headcount Index treats all poor individuals equally regardless of severity of their poverty. Even more advanced measures, such as Poverty Gap Index and Squared Poverty Gap Index, only partially account for poverty severity and remain limited in reflecting the full distribution of deprivation intensity among the poor. This issue also persists in multidimensional poverty frameworks, where households classified as poor may experience vastly different levels of deprivation while contributing similarly to aggregate measure. As a result, these indices are often unable to accurately identify “poorest among the poor,” despite their critical importance for effective policy intervention.

Third,  literature lacks an integrated framework that simultaneously combines ethical sensitivity, distributional inequality, and multidimensional deprivation within a unified and statistically consistent structure. Existing approaches typically focus on one aspect of poverty while neglecting others. Income-based measures emphasize monetary deprivation but ignore multidimensional realities, whereas multidimensional indices often rely on binary deprivation cutoffs that may lead to loss of information regarding deprivation intensity. Moreover, many existing measures are descriptive rather than ethically responsive, limiting their capacity to incorporate normative judgments regarding inequality aversion and social justice. This fragmentation highlights need for a more comprehensive poverty framework capable of integrating depth, severity, ethical weighting, and multidimensionality in a coherent analytical structure.



    2.10.2 Methodological Gaps
Income Gap Ratio (IGR) represents the average proportional income shortfall among the poor relative to the poverty line. Formally, it is defined as:
where:
 is mean income of individuals whose income ;  is poverty line. If the average income of the poor is 80% of the poverty line, then , indicating an average 20% shortfall.
Advantages of  Income Gap Ratio:
• Captures the depth of poverty through the average proportional income shortfall among the poor.
• Provides a simple and interpretable measure of the income deficit among the poor relative to poverty line.
Limitations of Income Gap Ratio:
• Does not account for inequality among the poor or the incidence of poverty.
• Satisfies Focus and Population axioms, as well as the Monotonicity property, but fails to satisfy Transfer Principle (Duclos & Araar, 2006).
    2.10.3 Empirical Gaps

Absence of Explicit Social Weight, Most existing poverty indices whether classical or multidimensional implicitly assume that all poor individuals are of equal social importance. While this simplification facilitates computation, it fails to reflect ethical and policy priorities, such as granting greater weight to the chronically poor, children, or socially marginalized groups. The absence of explicit social weighting mechanisms creates a fundamental gap between measurement and distributive justice, limiting the relevance of poverty indices for fairness oriented policymaking.
 Limited Sensitivity to Inequality Among the Poor, many measures capture the extent or depth of deprivation but not the differences in severity among the poor themselves. The Headcount Index ignores depth entirely, while Poverty Gap (PG) and Squared Poverty Gap (SPG) partially address intensity without distinguishing between moderately poor and severely poor individuals. In multidimensional contexts, two households may both be classified as “poor” yet differ profoundly in their deprivation profiles, which current indices treat equally. This aggregation insensitivity constrains the ability of existing measures to identify the most deprived and vulnerable segments of the population.

    2.10.4 Policy-Oriented Gaps
Deficit in Ethical Depth, Beyond statistical refinement, many poverty measures remain ethically neutral, focusing on mathematical consistency rather than the moral significance of deprivation. They fail to articulate the ethical rationale behind social priorities, fairness, and intra-poor differentiation. Without a clear ethical foundation, poverty indices risk becoming purely technical instruments accurate but normatively hollow.
The above literature illustrates both the persistent limitations and the notable progress achieved in poverty measurement. Over the decades, poverty indices have gained methodological rigor and practical applicability, yet they remain constrained by several critical shortcomings: the absence of explicit social weights, limited sensitivity to disparities among the poor, and a weak normative foundation for multidimensional weighting. Addressing these deficiencies requires an innovative approach that preserves the desirable axiomatic properties of classical measures while explicitly integrating social priorities and principles of justice, Alkire and Foster, (2011); Ravallion (2012). 
2.11 Positioning the Current Study

In response to the theoretical and methodological limitations identified in previous literature, the present study introduces Weighted Reversed Poverty Gap as an ethically sensitive and distribution aware extension of conventional poverty measures.

    2.11.1 How WRPG Addresses Identified Gaps
A consistent poverty line normalization has been applied to ensure coherence across all measures. This approach enables direct comparison among multiple poverty indices including Headcount Ratio (HCR), Poverty Gap Index (PGI), Squared Poverty Gap (SPG), and new measure Weighted Reversed Poverty Gap on a common, dimensionless scale ranging from 0 to 1. Accordingly, the unified reference point serves as a central normalization benchmark integrated within a coherent poverty measurement framework.
Despite notable progress in poverty measurement, existing studies reveal several persistent limitations, most prominently: first, the absence of explicit social weights. Second, insufficient sensitivity to inequality among the poor, and a weak ethical foundation for multidimensional weighting Sen (1976); Cowell (2011). These deficiencies motivate the development of innovative measures designed to overcome the constraints of classical and multidimensional indices. 
In this context, Weighted Reversed Poverty Gap (WRPG) introduces a perspective by employing reversed gap within a ratio based framework (R-approach). Unlike traditional measures that define deprivation solely as the shortfall from poverty line, WRPG assesses an individual’s relative position by focusing on the reversed poverty gap, thereby offering an alternative representation of deprivation intensity. Through the incorporation of individual level weighting, the index enhances flexibility while preserving essential axiomatic properties such as Monotonicity, Focus, Decomposability, and Scale Invariance, ensuring both precision and applicability across diverse socioeconomic contexts Alkire and Foster (2011); Zheng (1997).
The subsequent chapters operationalize this innovation. Chapter Three develops the theoretical foundations of WRPG, demonstrating how reversed poverty gap and the associated weighting structure are transformed into a practical and empirically applicable measure.
  2.11.2 How MWRPG Extends Existing Frameworks
This dissertation makes a substantive and original contribution to the field of poverty measurement by proposing two innovative WRPG and its multidimensionally extended counterpart MWRPG are introduced as theoretically robust yet empirically tools.
From an applied and policy oriented perspective, the significance of WRPG lies in their operational flexibility and policy relevance. Unlike conventional income based measures, these indices incorporate societal priorities and socially just weighting schemes, making them particularly valuable for evidence based policymaking and the design of equitable poverty reduction strategies Alkire et al., (2020); UNDP, (2025).
Moreover, empirical implementation of these measures using nationally representative household survey data is supported by visual and spatial diagnostic tools, including poverty maps, Lorenz curves, and distributional decompositions.
These analytical instruments uncover regional disparities, intergroup differences, and distributional asymmetries, thereby guiding targeted interventions and promoting more inclusive economic policy design CAPMAS (2017, 2018).
By bridging gap between theoretical rigor and practical applicability, this dissertation demonstrates how innovative measurement tools can transform the understanding of poverty into actionable insights that foster fairer and more socially cohesive economic systems. Thus, the dissertation contributes simultaneously to academic discourse and policy innovation, reinforcing the dual mission of applied statistics: to measure precisely and to serve justly.
2.11.3 Expected Contributions
This progression reflects the ethical evolution of poverty analysis from merely counting the poor to understanding who among the poor suffers most and how income redistribution affects welfare. Within this historical continuum, proposed WRPG and its Multidimensional extension MWRPG represent the next stage in the evolution of distribution sensitive measures. These indices retain the axiomatic strengths of Sen and FGT indexes lineage while addressing their key limitations by:
• Introducing explicit social weighting functions , ensuring ethical prioritization of the poorest individuals; enhancing transfer and distributional sensitivity through the reverse gap transformation;
[bookmark: _Hlk216724737][bookmark: _Hlk216900431]•  Extending the analytical framework to multidimensional domains such as health, education, and employment, preserving axiomatic consistency and enabling policy oriented decomposability.
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Thus, WRPG and MWRPG indices serve as analytical heirs to the classical distribution sensitive tradition preserving its ethical foundations while extending its scope to multidimensional, socially weighted, and empirically robust poverty measurement.

Chapter Three
A New Weighted Class of Poverty Measures:  WRPG Framework
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3.1 Introduction to Weighted Reversed Poverty Gap (WRPG)
This chapter introduces a novel class of poverty measures, namely Weighted Reversed Poverty Gap (WRPG), designed to enhance the sensitivity of poverty measurement to both the depth of deprivation and inequality among the poor. The chapter is structured as follows. Section 3.1 presents the conceptual and theoretical motivation underlying the WRPG framework. Section 3.2 develops the formal mathematical formulation of the index. Section 3.3 establishes its axiomatic properties. Section 3.4 discusses the specification of the social weighting function and its ethical implications. Finally, Section 3.5 highlights the analytical contribution of WRPG in advancing poverty measurement.
3.1.1 Background for Developing Weighted Reversed Poverty Gap (WRPG)
The measurement of poverty has long been central to welfare economics and policy analysis. Traditional indices such as Headcount Ratio, Poverty Gap Index, and Squared Poverty Gap Index have provided valuable insights into the incidence, depth, and severity of poverty (Sen, 1976; Foster, Greer & Thorbecke, 1984).
However, despite their analytical usefulness, these measures exhibit an important limitation:
They treat all poor individuals uniformly, regardless of how far they lie below poverty line. As a result, they fail to adequately capture inequality within the poor population, where the most deprived individuals may experience disproportionately greater hardship.
This limitation is not merely technical, but fundamentally ethical. As emphasized in the literature (Zheng, 1997; Chakravarty, 2009), a poverty measure should reflect not only how many are poor, but also how poverty is distributed among them.
To address this gap, this chapter proposes Weighted Reversed Poverty Gap (WRPG), a new poverty measure that integrates a normalized (relative) poverty gap, and an equity sensitive social weighting function. The key idea is powerful, poverty measurement should give greater importance to individuals who are further below poverty line. Thus, WRPG moves beyond traditional measurement by incorporating ethical prioritization directly into mathematical structure of the index.
3.1.2 Conceptual Framework of Weighted Reversed Poverty Gap (WRPG)
 WRPG framework is built upon two fundamental components:
(1) Relative Poverty Gap
The deprivation of individual  is measured by the normalized poverty gap:
 
where,  is income of individual ,  is poverty line, and  is an indicator function equal to 1 if the individual is poor and 0 otherwise.  This formulation ensures, Focus property (only the poor matter) and Scale invariance (measurement is relative, not absolute).
(2) Social Weighting Function
To incorporate distributive justice, raw social weight  is specified  as:



This function satisfies:

Thus, poorer individuals receive higher weights, reflecting the ethical principle, “the worse off an individual is, the greater the social importance of improving their condition”.
3.1.3 Basic New Definitions of Weighted Reversed Poverty Gap (WRPG)
For a population of size , Weighted Reversed Poverty Gap represents minimum acceptable standard of living, against which poverty is assessed. Individuals with   are considered poor, Ferreira and Lugo (2013). Representation of WRPG, Let  denote the income (or welfare indicator) of individual , and  poverty line. For any poor individual (), WRPG defines the normalized measures:
where represents deprivation ratio (relative income shortfall) and  represents reversed gap ratio (the share of poverty line attained). 
The identity ensures a complete partition of poverty line into attainment and shortfall. When , and , reflecting extreme poverty with negligible attainment toward the poverty threshold. Conversely, when , and , indicating near complete attainment. 
Weighted Reversed Poverty Gap framework interprets poverty line not merely as a fixed cutoff but as a benchmark capturing both relative achievement and deprivation. This approach enhances the economic relevance of the measure by recognizing the severity of deprivation while simultaneously accounting for incremental progress toward the poverty threshold, (Chakravarty, 2009; Dotter and Klasen, 2019).
3.2 Formulation of Weighted Reversed Poverty Gap (WRPG)
Formulation of WRPG is developed to incorporate both depth of poverty and ethical distribution of deprivation among poor individuals within a unified analytical framework.
3.2.1 General Formula of Weighted Reversed Poverty Gap
 WRPG framework satisfies several desirable axiomatic properties commonly discussed in the poverty measurement literature. WRPG is defined as an income based poverty index that integrates a reversed gap structure with a social weighting scheme. Let the population consist of n individuals indexed by , and z denote poverty line.
It follows that,

This expression measures the shortfall of the poor individual’s income relative to poverty line, normalized by . Combining the gap and the social weight, WRPG index is then constructed as the weighted aggregation of individual and reversed poverty gaps,  Weighted Reversed Poverty Gap for a population of  individuals is defined as:

equivalently, in the equivalent using the indicator function: 
where, is income of individual , resources available to household/individual.  is poverty line, minimum acceptable living standard. is reversed poverty gap, Shortfall of  relative to   is weighted contribution, extra importance given to poorer individuals. is the indicator function, equal to 1 if individual is poor, and 0 otherwise. Dividing individual income by poverty line normalizes measure, making it comparable across different poverty thresholds and allowing meaningful comparisons between societies or time periods.
Individuals further below poverty line contribute more the index captures both poverty depth and inequality among the poor. The measure remains unit-free and comparable across contexts. Weighted Reversed Poverty Gap index, Society wide measure of poverty with fairness. Contribution of  WRPG framework introduces two major innovations equity-sensitive weighting distinguishes between the moderately poor and the extremely poor. And integration of ethics into measurement transforms poverty measurement from a purely statistical exercise into a normatively grounded framework. To maintain comparability across populations. This combines traditional normalized poverty gaps with socially sensitive weighting, ensuring deeper poverty and intra-poor inequality are appropriately emphasized.
Normalization Process
Normalization is essential to ensure comparability across populations and to guarantee that the weighted index collapses to standard Poverty Gap Index (FGT(1)) under uniform weights. Let raw social weight be defined as:

To ensure consistency and comparability, these weights are normalized as:
,
where  denotes the number of poor individuals. Thus, the normalization condition is:
,
This normalization ensures that when:
,
we obtain:
,
which coincides exactly with standard Poverty Gap Index .
Importance of Normalization
Normalization serves several important purposes in poverty measurement:
1- Equity and Distributional Focus
It ensures that the index reflects not only the number of poor individuals but also the distribution of deprivation among them (Chakravarty, 1983; Kakwani, 1980).
2- Comparability Across Populations
It allows the poverty index to be comparable across different societies or poverty lines, independent of scale or currency units (Sen, 1976; Foster, Greer, and Thorbecke, 1984).
3- Integration with Social Weights
Normalization facilitates the inclusion of social weighting functions or poverty sensitivity parameters , which can emphasize the poorest more heavily, Sen (1992); Zheng (1993).
Relationship Between Normalization and Poverty Sensitivity
To enhance sensitivity to extreme poverty, the poverty gap may be raised to a positive power :

Alternatively, a gap-based weighting scheme can be defined as:

and normalized as:
                                (3.2)
When , the measure becomes more sensitive to severe poverty, giving greater importance to the most deprived individuals, , Sen (1997); Zheng (1997); Alkire & Foster (2011).
Relationship Between Conventional Gap and R-Approach
Conventional Poverty Gap (PG):

This measure captures only average shortfall without accounting for inequality among the poor. WRPG:

Thus, WRPG incorporates depth of poverty, distribution among the poor, and ethical prioritization. WRPG is not merely an extension of the poverty gap index, but a distribution sensitive reformulation that embeds ethical prioritization directly into the measurement process. (Alkire and Foster, 2011; Ferreira and Lugo, 2013; Ravallion, 2016; Deutsch, Silber and Wan, 2018). 
3.2.2 Role of Weighting Function
Weighting function constitutes core innovation of WRPG framework. Unlike standard Poverty Gap Index (PGI), which assigns equal weight to all poor individuals, WRPG introduces a socially sensitive weighting scheme that differentiates individual contributions according to severity of deprivation.
Formally, social weight assigned to individual  is defined as:

Where,  denotes income (or welfare level) of individual ,  is poverty line,   is a vector of socio-economic characteristics (e.g., education, working hours, gender, or region), and  is a function monotonically decreasing in . This specification ensures that:

so that individuals with lower income receive higher weights, reflecting their greater level of deprivation.
Generalization and Its Importance: extending the weighting function beyond income provides several methodological and empirical advantages. It enhances flexibility by allowing the index to capture non-monetary aspects of deprivation, such as labor conditions and demographic disparities. It also ensures scalability, as additional variables can be incorporated without altering the core structure of the index. Moreover, it supports multidimensional readiness by offering a natural bridge toward multidimensional poverty frameworks. Thus, WRPG evolves from a purely income-based measure into a socially responsive and extensible framework.
Properties of Weighting Function:
(1) Equity Sensitivity
Equity Sensitivity means that:
Poorer individuals receive disproportionately higher weights, allowing the index to capture inequality within the poor population.
(2) Normalization
Weights may be normalized as:

Ensures consistency with standard poverty measures.
(3) Functional Flexibility
Different functional forms of  allow varying degrees of sensitivity to extreme poverty. For example:
Power form: 
                                           (3.3)
Gap-based normalization: 

Higher values of  or  increase sensitivity to the most deprived individuals.
The introduction of social weights directly addresses a key limitation of traditional poverty measures, namely their inability to distinguish between moderately poor and extremely poor individuals.
Economic and Policy Relevance introduced of  directly addresses a major limitation of traditional poverty measures: their inability to distinguish between moderately poor and extremely poor individuals. By assigning greater importance to the poorest, WRPG becomes more equity sensitive, more policy relevant and more aligned with pro-poor targeting strategies.

3.2.3 Reversed Gap Structure and its Intuition
A distinctive feature of WRPG framework is the integration of a reversed (attainment-based) perspective, which complements the traditional poverty gap formulation. The following formulation how reversed structure captures attainment alongside deprivation within WRPG framework.:
(1) Conventional Poverty Gap
For an individual  with income below the poverty line,  measures the relative deprivation intensity by capturing the proportion of income shortfall from the poverty threshold, defined as:

This measure captures deprivation, i.e., how far the individual is below poverty line.
(2) Reversed Poverty Gap (Attainment Ratio)
The complementary attainment measure  for an individual  is defined as:

This reflects how close the individual is to escaping poverty.
(3) Fundamental Identity
The previous   two measures satisfing the identity:

This relationship provides a dual perspective, where: measures deprivation and   measures achievement. The two measures provide a dual and theoretically consistent representation of an individual’s welfare position relative to the poverty line. Normalized poverty gap  captures extent of deprivation by measuring proportional shortfall of the individual’s income from poverty threshold, thereby reflecting intensity of poverty experienced. In contrast, reversed component  represents level of achievement, defined as proportion of poverty line that individual’s income has attained. Hence, higher values of  indicate closer proximity to poverty line and lower deprivation. The identity establishes a fundamental decomposition of welfare status into two complementary components achievement and deprivation providing a coherent and interpretable framework for analyzing income positions below poverty line
(4) Economic Intuition
This relationship provides a clear economic interpretation of reversed gap framework by describing how an individual’s position relative to poverty line evolves with changes in income. It links extreme deprivation and near-poverty exit to behavior of two complementary components,  and , offering an intuitive understanding of poverty dynamics.
If  extreme poverty 
If  exit from poverty is very close.
(5) Integration within WRPG
WRPG primarily uses the deprivation measure , but the reversed concept  provides interpretive depth: Individuals with low  (very poor) receive higher weights and individuals closer to contribute less. Thus, WRPG implicitly combines, deprivation intensity, proximity to poverty exit, and ethical prioritization.
Example of Integration within Weighted Reversed Poverty Gap
Let 
	Individual
	
	
	

	1
	40
	0.4
	0.6

	2
	70
	0.7
	0.3


In both cases:

Contribution The integration of the reversed gap concept enhances the WRPG framework by providing a balanced interpretation of poverty, it captures not only how much individuals lack, but also how close they are to escaping poverty. While conventional measures focus solely on deprivation, WRPG framework incorporates an implicit attainment perspective, offering a more balanced and ethically informative view of poverty. 

3.2.4 Relationship with Income and Poverty Line 
WRPG is intrinsically linked to the interplay between an individual’s income and poverty line. Unlike conventional measures of poverty that focus exclusively on the shortfall below poverty threshold, WRPG explicitly incorporates two complementary dimensions by capturing both deprivation, as the normalized shortfall of income below the poverty line, and attainment, as the proportion of the poverty line that has already been achieved.
This dual perspective ensures that WRPG simultaneously captures the extent of deprivation and the relative progress toward the poverty threshold, thereby providing a more balanced and economy relevant evaluation of poverty (Sen, 1976; Foster, Greer and Thorbecke, 1984; Chakravarty, 2009).  It is important to note that R-approach renders the measure independent of income units. By expressing each individual’s income as a ratio relative to poverty line, both reversed gap and the attainment ratio become dimensionless quantities. This normalization ensures that the index remains unit-free and directly comparable across populations or time periods, regardless of the currency or scale of income.
3.2.5  Meaning and Importance of Ratio approach (R-approach)
Ratio Approach is a fundamental framework in poverty measurement, as it expresses poverty gap in relative terms rather than absolute income units. In this approach, the shortfall of an individual’s income below poverty line  is normalized by the poverty threshold itself. For any individual with income , this is represented as:

where denotes  normalized poverty gap and denotes the relative income share of the individual. Together, these two components provide a complete and normalized representation of an individual’s poverty status, with values bounded between 0 and 1.
R approach is significant for several reasons. Analytical tractability: it provides an elegant that facilitates key axioms in poverty measurement, such as Focus, Decomposability, and Monotonicity. Intuitive interpretation: by expressing income relative to poverty line, welfare is partitioned into a gap component () and a relative income component (), which sum to unity, making the measure easily interpretable. Flexibility for equity and multidimensional adjustments: R-approach provides a robust foundation for incorporating socially sensitive weights or multidimensional modifications, as exemplified in indices such as WRPG and MWRPG in chapter four.
R approach has been widely adopted in both theoretical and empirical research, including Foster, Greer, and Thorbecke class of poverty measures, multidimensional poverty indices such as Alkire and Foster’s MPI, and recent extensions like WRPG, where relative gap structure is combined with distribution sensitive weights.
The primary functionality of  R approach is the normalization of poverty gap. By transforming absolute shortfalls into values bounded between 0 and 1, it ensures comparability across populations, countries, and time periods, guarantees scale invariance (making the measure independent of income units), and provides the flexibility to incorporate social, ethical, or multidimensional considerations alongside monetary poverty.
3.3 Selecting Social Weight Function  for Sensitivity to Extreme Poverty, Formulation and Methods
Weighting function constitutes WRPG measure, as it determines how strongly we emphasize or reward the poorest individuals. Several functional specifications can be adopted, each reflecting a different ethical or analytical stance.  
(A) Power–Inverse Form
Power–Inverse Form and its properties is defined as:

In The smaller income  relative to poverty line , the higher the assigned weight. When , , and WRPG collapses to normalized PGI. When , the index becomes essential sensitive to deep poverty. This functional form provides a continuous sensitivity control through the parameter .
(B) Exponential Form
Exponential Form and its properties is defined as:

This produces a rapidly increasing weight for the very poor when the parameter  is large. The exponential growth accentuates differences in severe poverty, making WRPG essential responsive to lower income ranges.
(C) Rank-Based Form
Rank-Based Form and its properties is defined as:

Here, the poorest individual (with the smallest rank) receives the highest weight. This specification is suitable when the goal is to implement a “poorest-first” ethical rule without directly relying on absolute income values. The parameter controls how steeply the weight declines with rank.
(D) Composite Social Weight
Composite Social Weight and its properties is defined as:

This integrates social or demographic dimensions into weighting process. The term  may capture household characteristics such as the presence of children, elderly members, disabilities, or rural/urban location. This generalization transforms WRPG into MWRPG, embedding social vulnerability into the index.
3.3 Social Weight Function and its Properties
Social Weight Function and its properties is defined as:

This function transforms poverty measurement from a purely monetary shortfall into a socially normative assessment. It connects poverty evaluation with ethical principles such as equity sensitivity and determines how the index responds to income changes among the poor. Conceptually, it embeds Sen’s ethical philosophy of prioritizing the welfare of the worst-off within structure of poverty measurement (Sen, 1976; Zheng, 1997; Chakravarty, 2009; Alkire & Foster, 2011).

3.3.1 Social Weight Function and its Properties
Several properties of function possesses the following:
1. Monotonicity (Decreasing with Income)
Monotonicity which means that:

Social weight  decreases as income  increases. This means that the poorer the individual, the greater social importance assigned to reducing their poverty. Mathematically, this property ensures that the index is more sensitive to levels of poverty, capturing ethical idea proposed by Sen (1976) that improvements in the welfare of the poorest should count more heavily.
This result indicates that poorer individuals are assigned higher social weights, whereas individuals with higher income levels receive lower weights. This behavior is consistent with ethical principle that poverty measures should place greater emphasis on the welfare of the most deprived individuals, a perspective that has been widely discussed in the welfare economics literature, particularly in work of Amartya Sen.
2. Scale Invariance (Relative Consistency)
Scale Invariance is defined as:

The function depends only on the income poverty line ratio , not on absolute income values. Thus, the measure remains unchanged when the unit of measurement or currency is altered. This property guarantees comparability across countries and over time, a feature emphasized in Foster, Greer, and Thorbecke (1984) and formally extended by Zheng (1997) in axiomatic poverty analysis.
3. Continuity 
Continuity is defined as the function  is continuous and differentiable on the interval . This allows precise analytical examination of properties such as monotonicity and transfer sensitivity, ensuring that small income changes lead to smooth and interpretable changes in measured poverty. Continuity also guarantees stability in simulation based and empirical estimation, as discussed by Chakravarty (2009) and Cowell (2011).
4.  Sensitivity Responsiveness of Poverty
Sensitivity Responsiveness of Poverty is defined as the parameter  controls how strongly the function emphasizes the poorest individuals, If , the index becomes neutral, meaning that no additional social weighting is applied. And if , the measure becomes highly sensitive to deep poverty.
This flexibility introduced by Zheng (1997) and further developed by Chakravarty (2009) allows researchers to calibrate the index’s responsiveness to extreme deprivation depending on the ethical stance and focus. Such flexibility ensures that the measure can adapt to different empirical contexts while preserving the fundamental axioms of poverty measurement proposed by Foster et al. (1984).
5- Ethical Priority Principle
Ethical Priority Principle emphasizes that the well-being of the most deprived individuals should receive greater moral weight in social and economic evaluation. According to Amartya Sen, not all improvements in income or welfare hold equal moral value; rather, enhancements that directly benefit the poorest should be considered ethically more significant (Sen, 1976).
In accordance with this ethical stance, social weight function  is designed to increase as individual income  decreases, implying that poorer individuals carry higher social importance in poverty assessment. Thus, concepts of distributive justice are embedded directly into the measurement process, transforming the index from a purely quantitative tool into a reflection of society’s moral commitment to alleviating the suffering of the worst-off.
This ethical orientation was further developed by Alkire and Lugo, who linked normative ethics with empirical poverty measurement, thereby aligning modern multidimensional poverty indices with the humanistic philosophy of social justice (Alkire & Lugo, 2013).
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Figure (3.1):Poverty Sensitivity Curve (Social Weight Vs Income Ratio)

Poverty sensitivity curve illustrates relationship between an individual’s income relative to poverty line​ and the social weight. It shows that social weight increases rapidly for the poorest individuals (those with low income to poverty line ratios), and the shape of the curve varies depending on the value of 𝛽, 𝛽 reflecting the index’s responsiveness to deep poverty. Properties of Weighted Reversed Poverty Gap Algorithm can be studied as following
(1) Equity Sensitivity
Equity Sensitivity means that:

Which indicate that poorer individuals receive higher weights.
(2) Normalization
Normalization is defined as:

Ensures consistency with standard poverty measures.
(3) Functional Flexibility
Functional flexibility refers to property of weighting structure that allows social weight function to take alternative functional forms while preserving internal consistency, axiomatic validity, and comparability of poverty measure. This idea is rooted in axiomatic approach to poverty measurement initiated by Amartya Sen and further formalized within Foster–Greer–Thorbecke (FGT) framework developed by James Foster, Joel Greer, and Erik Thorbecke.Within this framework, social weight  may be specified in multiple functional representations depending on desired degree of ethical sensitivity toward deprivation. Common specifications include a power form , which introduces inequality aversion through the parameter , and a gap-based form , which directly incorporates absolute deprivation intensity. Despite this flexibility in functional specification, framework retains structural coherence. 
In particular, when weighting function is degenerated to uniform case for all poor individuals, WRPG collapses after appropriate normalization exactly to standard Poverty Gap Index, FGT(1), thereby ensuring full compatibility with classical poverty measurement framework.
Power form

Gap-based form

Social weight function is first defined as , which captures the ethical importance of each individual. For aggregation purposes, these weights are normalized to obtain , ensuring comparability and consistency with standard poverty measures. Then, Figure (3.2) illustrates how different poverty gap indicators interact with income levels of the poor
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Figure (3.2): Comparison of Poverty Gaps with Weights
Illustration three curves are shown in figure (3.2) which representing four types of poverty gaps, based on hypothetical data for five individuals with incomes ranging from 200 to 1000, and a poverty line of 1000 monetary units.
 Simple Poverty Gap shows relative shortfall of each poor individual’s income from poverty line. The lower the income, the larger the gap. Practically, when applying Monotonicity property of WRPG, a decrease in income increases the gap, thereby increasing measured poverty.
The second gap, Squared Poverty Gap, amplifies the impact on the poorest by squaring the gap. As shown in the chart, the value rises much faster when income is very low. This also reflects Transfer Sensitivity, because the indicator gives greater weight to the most deprived, so any transfer in their favor reduces poverty more significantly.
The third gap is Relative Poverty Gap, which measures the gap as a proportion of poverty line rather than in monetary terms. Its shape remains unchanged if the currency unit changes (e.g., from pounds to dollars) because the indicator is relative. This illustrates the Scale Invariance property the indicator is unaffected by changes in measurement units or proportional scaling of incomes.
The fourth gap is Weighted Gap (WRPG), which incorporates social or priority weights (such as rural/urban status, gender, household situation) alongside individual poverty gaps, reflecting Subgroup Decomposability. The poorest individuals, with the lowest incomes, receive higher weights, causing the curve to rise more steeply. This represents both Transfer Sensitivity and social justice, highlighting that the indicator gives greater importance to improvements or deteriorations among the most deprived.
3.4 Axiomatic Properties of Weighted Reversed Poverty Gap (WRPG)
       WRPG framework is designed to satisfy axiomatic properties of poverty measurement, ensuring consistency with established theoretical principles. first and most fundamental of these is Focus Axiom, which restricts the evaluation of poverty to individuals below poverty line.
3.4.1 Focus Axiom (Exclusivity to the Poor Population)
Focus Axiom requires that a poverty measure should exclusively consider the welfare levels of individuals whose income lies below poverty line. In other words, any change in income of non-poor individuals (e.g., those with  ) should not affect the value of the poverty measure.
[bookmark: _Hlk213420266]For Weighted Reversed Poverty Gap (WRPG), this axiom is naturally satisfied because explicitly restricts calculations to individuals with . Thus, the poverty index is “focused” only on the poor, Sen (1976); Foster et al. (1984); Zheng (1997); Alkire and Foster (2011); Decanq and Lugo (2013).
Model R approach of  Focus Axiom: Let,

and define the individual WRPG contribution (with weight  ) as

Where,  normalized poverty gap for individual ,  is social weight of the individual, and  is the indicator function, equal to 1 if the individual is poor and 0 otherwise. This ensures that changes in the income of non-poor individuals () do not affect WRPG. 

Property of Focus Axiom of Weighted Reversed Poverty Gap
R-Approach (Reversed Gap Approach) refers to an analytical framework that extends traditional deprivation-based poverty measurement by incorporating an attainment-based perspective. Instead of focusing solely on poverty gap, which measures income shortfall below poverty line, the approach also considers reversed component , representing proportion of poverty line already attained by individual. Thus, the framework provides a dual interpretation of welfare status through both deprivation and achievement . This reversed representation enhances the interpretability of poverty measurement by capturing not only how far individuals are below poverty line, but also how close they are to escaping poverty. R-Approach, consider any non-poor individual  with . Then

Hence, changes in  (as long as ) do not affect the aggregate poverty measure
                        (3.4)
This equation demonstrates that WRPG fully satisfies Focus Axiom, Sen (1976); Alkire and Foster (2011); Atkinson (2019). WRPG exclusively focuses on the poor, ignoring the welfare of the non-poor population in its construction. This ensures that the index remains consistent with the ethical requirement of poverty measurement poverty assessments must not be “diluted” by improvements or deteriorations in the incomes of those already above the poverty threshold, Foster (2010); Decanq and Lugo (2013).
Example of Focus Axiom of Weighted Reversed Poverty Gap

[bookmark: _Hlk226623421]Table (3.1): Focus property’s WRPG Considers Only the Poor

	Individual

	Income 
	Poor 
	Relative Gap 

	1

	100
	Yes
	(160−100)/160 = 0.375

	2

	150
	Yes
	(160−150)/160 = 0.0625

	3

	200
	No
	0

	4

	250
	No
	0

	5

	120
	Yes
	(160−120)/160 = 0.25



Poverty line , calculation of WRPG  Social weights, for all individuals as:
gives: 

Verification of property changing the income of non-poor individuals.
Suppose we change the income of individual 3 from 200 to 300 and individual 4 from 250 to 400. The poor individuals remain unchanged. Individuals 3 and 4 are still non-poor. Thus,

 WRPG does not change despite large increases in the income of non-poor individuals, which empirically confirms Focus Axiom.
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        Figure (3.3) Focus property’s WRPG Considers Only the Poor
It is observed from figure (3.3) Focus Property of WRPG index, which considers only individuals below poverty line The dark blue bars (I1, I2, I5) represent the poor and contribute to the calculation of the overall WRPG. The light blue bars (I3, I4) represent non-poor individuals and do not contribute to the WRPG.
The overall Weighted Reversed Poverty Gap index, WRPG = 0.044, is shown as an orange horizontal line and reflects the average contribution of the poor only. Thus, WRPG exclusively focuses on the poor, entirely disregarding individuals above poverty line, which makes the index sensitive to actual poverty changes within the society.
3.4.2 Monotonicity (Sensitivity to Income Changes Below Poverty Line)
A fundamental axiom of poverty measurement is monotonicity if a poor individual’s income increases but remains below poverty line, then the measured poverty should decrease; conversely, if a poor person’s income decreases, poverty should increase, Sen, 1976; Foster, Greer and Thorbecke, 1984. This axiom has remained central in the poverty measurement literature and is consistently emphasized in later works, Zheng (2000); Alkire and Foster (2011); Ravallion (2016); Mahdy (2017); Alkire et al. (2020). WRPG, under R-approach, satisfies this property.
Definition under R-Approach of  Monotonicity
Let  be poverty line and  the income (or welfare) of individual . Define for each 


Define the social deprivation variable

where  is poverty line, ​ is individual income, and ​ is relative poverty gap. Then, WRPG index is defined as

with denominator . For brevity, set
                                                            (3.5)
Monotonicity: Income Increase Below Poverty Line
Suppose that individual  is poor, i.e., , and receives an income increment  such that:

so that the individual remains below the poverty line after the change. 
Step 1: Change in Poverty Gap
,
Step 2: Change in Individual Contribution
Let:

Then:

Step 3: Aggregate Representation, Define:

Then:

Step 4: After Income Change, Only individual is affected:

Step 5: New Index


Equality holds only if:

Thus, monotonicity is satisfied for any strictly positive increment to a poor individual who remains below poverty line.
 Method of Monotonicity
Step 1: Individual contribution

Step 2: Define numerator and denominator correctly
.
Step 3: After the income increment

Step 4: New index


WRPG index decreases following an income increase for a poor individual who remains below the poverty line, thereby confirming the monotonicity property, since the weighted deprivation term declines proportionally to the income gain.
Immediate Corollaries of a Theorem Monotonicity
If income decreases by  for a poor individual (still below  ), the same algebra gives

so measured poverty increases-also consistent with monotonicity.
Boundary remark (threshold crossing) if  , then  and the individual exits poverty. In this case
.
and the index cannot increase provided the unit's  is at least as large as the prechange mean . (When defining a population normalized version with fixed denominator . Thus, the monotonicity axiom is satisfied.
Case When  Depends on Income of  Monotonicity
If the equity weight is income-dependent (  ), then

Taking derivative

Then we substitute (the derivative of ), which is

A sufficient condition for monotonicity is


For common specifications, such as  with , we obtain

which is decreasing in . Hence, monotonicity is preserved. Alternatively, monotonicity can be verified using a derivative argument
                                              (3.8)
This shows that a decrease in raises WRPG, while an increase lowers it. The weight  ensures that individuals with higher social or ethical priority contribute more strongly to the index, reflecting Sen’s social-ethical perspective.
Monotonicity axiom is not merely a theoretical requirement; it has essential economyy implications for economy relevance of monotonicity. A poverty index that satisfies monotonicity ensures that any income gain among the poor however small is recognized as poverty reduction. This property guarantees that interventions such as cash transfers, wage subsidies, or social assistance programs are properly reflected in poverty measures. 
Conversely, when incomes of the poor decline, monotonicity ensures that poverty is recorded as worsening. Thus, monotonicity provides both transparency and fairness, making WRPG a reliable tool for monitoring poverty dynamics and evaluating economy effectiveness, Zheng (2000); Ravallion (2016); Alkire et al. (2020).
Under the R-approach, WRPG robustly satisfies monotonicity, both when ​ is constant and when it is a function of income, provided the weighting scheme is well-behaved, Chakravarty (2009); Zheng (1997). R-approach consistent statement and proof that WRPG satisfies the Transfer Principle, together with the exact sufficient condition on the social/priority weights. I keep the notation compact and non-ambiguous (as we agreed) sample/design weights ​, priority weights ​ that are folded into the deprivation variable ​, and WRPG formed as a ratio over the poor. From a practical perspective, Monotonicity property can be used to analyse the impact of policies as follows:
Table (3.2): Monotonicity property can be used to analyze the impact of policies
	
	Type of Change
	Effect on WRPG
	Explanation

	Increase in a poor individual’s income 
	
	
	Improvement in welfare and reduction of poverty

	Decrease in a poor individual’s income
	
	
	Deterioration in welfare and increase in poverty


As shown in Table (3.2), monotonicity property describes the inverse relationship between income levels of poor individuals and the value of WRPG index. Improvements in income reduce the measured level of poverty, while income deterioration increases the index, confirming sensitivity of WRPG to welfare changes among the poor population.This relationship demonstrates that WRPG is not merely a statistical measure as illustrate, but a dynamic analytical tool that responds precisely to partial income changes. This makes it particularly suitable for assessing the effectiveness of social protection programs at both the individual and regional levels. 
Example of Monotonicity of Weighted Reversed Poverty Gap
	Individual
	Income 
	Poverty Line 
	Social Weight 
	Sample Weight 
	Relative Gap 


	1
	20
	50
	3
	1
	(50−20)/50 = 0.6

	2
	35
	50
	1
	1
	(50−35)/50 = 0.3


Calculating the Original WRPG



Table (3.3): Case 1 Monotonicity of Increasing the income of person 1 by 10 (still poor)
	Individual
	New Income 
	New Gap 
	R-Approach 

	1
	30
	(50−30)/50 = 0.4
	1 × 3 × 0.4 = 1.2

	2
	35
	0.3
	1 × 1 × 0.3 = 0.3



Table (3.3) illustrates that increasing the income of the poorest individual results in a lower WRPG value, confirming the monotonic response of index to welfare improvements among the poor. Here, WRPG decreases substantially because the poorest individual (with the higher social weight) received an income increase reflecting the ethical priority embedded in the weighting structure. Derivative Approach
For person 1
For person 2
The result is roughly similar in direction but fails to show social weight impact in the relative change of the overall index.
Table (3.4): Case 2 Monotonicity of Decreasing the income of person 2 by 5 (still poor)
	Individual
	New Income 
	New Gap 
	R-Approach 

	1
	20
	0.6
	1 × 3 × 0.6 = 1.8

	2
	30
	0.4
	1 × 1 × 0.4 = 0.4



         Table (3.4) shows that a reduction in income of a poor individual increases WRPG value, confirming the monotonic sensitivity of the index to declines in welfare among the poor. WRPG increases slightly, reflecting the higher deprivation of the less-weighted poor individual.
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Figure (3.4) Monotonicity Property in WRPG
Figure (3.4) demonstrates that increasing the income of the poorest individual reduces WRPG, confirming monotonicity property of the index. Effect of increasing income of the Poorest Individual. We observe relative poverty gap for each individual, defined as the difference between poverty line and their income expressed as a proportion of poverty line, representing poverty gaps before and after an increase in the income of the poorest individual. This change demonstrates that raising the income of the poorest individual reduces their own poverty gap without affecting the others, which illustrates essence of Monotonicity property. Consequently, WRPG index satisfies Monotonicity condition, meaning that any improvement in the income of a single poor individual leads to a decrease in the overall poverty index or, at minimum, a reduction in that individual’s poverty gap. 
The accompanying chart clearly shows a comparison of the bars before and after the income increase, with a reference line for poverty gap, highlighting that the increase in the poorest individual’s income reduces their gap from 0.50 to 0.40 while poverty gaps of the other individuals remain unchanged.
3.4.3 Transfer Sensitivity (Pigou–Dalton Principle) under R-approach of WRPG Index
A fundamental axiom in poverty measurement is transfer principle, which requires that a progressive transfer of income from a less-poor individual to a poorer individual (both remaining below poverty line) should reduce measured poverty. This principle ensures that the poverty index is sensitive not only to aggregate poverty gaps but also to inequality among the poor, Sen (1976); Foster, Greer, and Thorbecke (1984); Zheng (1997); Chakravarty (2009).
Notation of  Transfer Principle (R-approach)
Suppose population has size n, . Poverty line . For each individual  let


Where,  is total weighted deprivation,  is number of poor individuals (weighted), and the index is the average weighted deprivation among the poor only.
Operation of Transfer Principle of Weighted Reversed Poverty Gap
Taking two poor individuals  and  with incomes satisfying

Perform a transfer  from  (the less poor) to  (the poorer), with

so both individuals  and  remain poor and their income are nonnegative. Using the transformation:

all other  unchanged. Then , hence . Show conditions under which (e.g., poverty decreases after the progressive transfer).
WRPG′ > WRPG. 
Proposition sufficient condition  and exact necessary of Transfer Principle for WRPG
For the above progressive transfer (finite or infinitesimal, not crossing  ) we have

Consequently, WRPG satisfies Transfer Principle for every possible progressive transfer (  if and only if  with strict inequality  guaranteeing all in WRPG after any strictly positive transfer.
R-approach  under Transfer Principle for WRPG
It Compute the effect of the transfer on the gaps. Suppose for any poor individual ,
,
Taken the transformation,

All other  unchanged. Change in the numerator  

Still denominator unchanged . Therefore,

since ,
(3.9)
Equality  gives . The displayed algebra is exact and holds for any finite  satisfying the stated constraints (the result is linear in  ).
Transfer Principle for WRPG have the following properties from an interpretative perspective and Corollaries 
1. Sufficient condition of Transfer Principle
If the weighted priority  is nonincreasing in income (for example for every poor pair  we have ), then every progressive transfer from a less poor to a poorer individual reduces (or at least does not raise) WRPG. Thus Transfer Principle holds.
2. Common special case (equal sample weights) of Transfer Principle
If sample/design weights are equal for the two units (typical when comparing individuals in the same survey cell, ) , the condition reduces to:

So any priority weight  that is nonincreasing in income (e.g. gives weakly larger weight to poorer units) is sufficient (and in this case of primary significance) for WRPG to satisfy Transfer Principle.
3. Income-dependent weights of  Transfer Principle
If  and  is nonincreasing in  (stricuy decreasing on the relevant interval for strict inequality), then for any  we have , hence  whenever  or if . More generally we require  as above.
4. Necessity of Transfer Principle
The algebra in step (2) shows the condition , is essential for a strict decline in WRPG after that particular progressive transfer. Therefore to guarantee Transfer Principle for all possible progressive transfers you must enforce  whenever .
5. Boundary remark (exit from poverty)
The proof assumed both individuals remain poor after transfer (so  unchanged). If a transfer causes the richer poor  to exit poverty (so  changes to 0 ), then  and  both change and the algebra differs; standard FGT type reasoning shows indices that are decomposable and populationnormalized still behave well at exit, but the precise sign condition must then account for the change in denominator. (You can add a short lemma handling the threshold-crossing case if you want).
In summary, exact condition for every poor pair with , require  (strict  for strict reduction). Under this condition which is satisfied by any income decreasing priority weight  when sample weights are equal WRPG satisfies Transfer Principle (passive transfers reduce measured poverty).
Transfer Principle requires that a progressive transfer of income from a less-poor to a poorer individual (both below poverty line) should reduce measured poverty. Within WRPG framework, this property holds under the condition that social weighted priority ​ is nonincreasing in income. Formally, WRPG decreases after such a transfer if and only if ​ for the pair () with .
This condition guarantees that redistributive transfers among the poor are poverty-reducing, aligning WRPG with Pigou–Dalton principle of transfers, Cowell (2011). It extends the classical property verified for FGT type indices, Foster et al. (1984).
To a socially weighted and reversed gap framework. From a economy standpoint, Transfer Principle ensures that WRPG recognizes redistribution within the poor as meaningful, not just movements across poverty line. This makes the measure particularly relevant for contexts where inequality among the poor is a central concern, Decancq and Lugo (2013; 2016).
In multidimensional poverty literature, similar redistributive sensitivity has been emphasized in the design of Alkire and Foster type measures and their extensions, Alkire and Foster (2011); Alkire et al. (2015). Recent studies on equity sensitive and welfare-consistent poverty measures reaffirm that respecting Transfer Principle is critical for theoretical robustness and economy relevance, (Rippin, 2017; Dotter and Klasen, 2019). 
1. How  changes under Effect of  transfer Principle on the Numerator 
Let individuals  and  be poor such that:
 ( is poorer than ),
Step 1: Consider a progressive transfer from individual  to , satisfying:
so that both individuals remain poor after the transfer. 
Step 2: The Change in the poverty gap gives:


Step 3: Change in 
Step 4: Change in the numerator 

Step 5: The denominator remains unchanged
                       (both remain poor)
Step 6: Change in WRPG index


Thus sign of the change in WRPG is determined by the sign of 


2. Sufficient condition for transfer sensitivity ( Transfer Principle )
A sufficient condition (SC) for  (poverty decreases after progressive transfer) is

Restating the immediate relations used above



Therefore the sign of the change in WRPG is determined by the sign of . A clean and practical sufficient condition is effective weights  are nonincreasing in income among the poor; specifically, if   ​. Then,

Under SC any progressive transfer from a less- poor  person  j to a poorer person  strictly reduces numerator  and therefore strictly reduces WRPG (since D > 0). Hence WRPG satisfies Transfer Principle, Sen (1976); Foster et al. (1984); Zheng (1997); Chakravarty (2009); Foster (2010); Alkire and Foster (2011); Decancq and Lugo (2013).

3. Condition Transfer Principle
Using uniform sample weights , Transfer Principle requires that poorer individuals receive higher social weights than relatively less poor individuals. Therefore, condition is expressed as:
        This condition ensures that WRPG index is sensitive to progressive transfers among the poor. In particular, transferring income from a less poor individual to a poorer individual reduces overall value of index, reflecting an improvement in distributive equity and consistency with ethical principles of poverty measurement.
priority weights must be nonincreasing in income (poorer persons receive greater or equal priority weight). This is natural if the social weighting scheme gives higher priority to poorer individuals, progressive transfers reduce WRPG (Chakravarty, 2009; Alkire and Foster, 2011).
Income-dependent priority weights are functions in  equivalently nonincreasing in income (equivalently nondecreasing in the gap ​), the condition is satisfied, Atkinson (2019).
Opposite case can be happened if  ​ (i.e., the donor has higher effective weight than the recipient), the progressive transfer could increase the weighted numerator and hence increase WRPG. in other words, the index would be transfer insensitive or (even perversely behave) under that weighting pattern. That is why the nonincreasing-weight assumption is both natural and essential for normative that “poorer should be prioritized”, Decanq and Lugo (2013). 
4-Continuous )infinitesimal( of transfer Principle
For an infinitesimal transfer  from  to , the instantaneous change in WRPG is as:

Again, with (strictly greater if strict improvement is desired),  (strictly negative if >).
5. Special case of Transfer Principle
If ​ with  (priority weight increasing in gap size), then since then ​ and therefore  ​. With equal sample weights ​, the sufficient condition holds and WRPG satisfies the Transfer Principle (Chakravarty, 2009; Foster, 2010) as shown in table (3.5). 

Table (3.5): Special case of Transfer Principle
	Condition
	Effect on WRPG
	Meaning

	
	WRPG strictly decreases
	Progressive transfer is poverty-reducing

	
	WRPG unchanged
	Neutral transfer (redistribution weighted equally)

	
	WRPG increases
	Violates Transfer Principle



Example of Transfer Principle of Weighted Reversed Poverty Gap
Assume that within a group of poor individuals, there are only two people
	Individual
	Income ()
	Gap ()
	Poverty Status

	A

	60
	0.40
	Poorest

	B

	90
	0.10
	Less poor


where represents poverty line. Now, consider a transfer of an amount from the less poor individual (B) to the poorer individual (A).
	Individual
	New Income
	New Gap
	Change

	A
	65
	0.35
	Smaller gap  )improvement(

	B
	85
	0.15
	Larger gap )slightly worse(


However, it is important to note that while the poverty of individual (A) has improved substantially, the poverty of (B) has worsened only marginally. 
Table (3.6): Transfer Principle of WRPG
	Individual
	Income (Before)
	Income (After)
	Gap (Before)
	Gap (After)
	Weight
	Contribution (Before)
	Contribution (After)

	A (Poorest)
	60
	65
	0.40
	0.35
	2.0
	0.80
	0.70

	B (Less Poor)
	90
	85
	0.10
	0.15
	1.0
	0.10
	0.15

	Total
	
	
	
	
	
	0.90
	0.85


Accordingly as shown in table (3.6), Weighted Reversed Poverty Gap decreased from 0.90 to 0.85, indicating that overall poverty declined after the income transfer confirming of the Transfer property.
The overall level of poverty has therefore decreased, implying that WRPG value must decline. This example illustrates the practical application of Transfer Principle, whereby any progressive transfer from a less poor individual to a poorer one leads to a reduction in the overall poverty measure, in accordance with the axiomatic foundations of poverty analysis.
Example (2) of Transfer Principle of WRPG with Different Social Weights
This example shows how WRPG index changes following a progressive income transfer between two poor individuals. Data Poverty line , Three individuals below poverty line A, B, C. Current incomes

Social weights () for each individual
Sampling weights for all individuals.
Calculate inverse poverty gap
	Individual

	
	
	
	

	A
	40
	0.60
	2
	1.20

	B
	60
	0.40
	1.5
	0.60

	C
	80
	0.20
	1
	0.20


The value of WRPG before transfer can be shown as:

After applying  Transfer Principle (Transfer 10 units of income from B to A) yields:

And new poverty gaps are:

Updated individual contributions .

Table (3.7): Transfer Principle of WRPG with Different Social Weights
	Individual

	
	
	
	

	A
	50
	0.50
	2
	1.00

	B
	50
	0.50
	1.5
	0.75

	C
	80
	0.20
	1
	0.20


As presented in Table (3.7), regressive transfer among poor individuals leads to an increase in weighted deprivation captured by WRPG measure. Following transfer, individuals  and  exhibit identical poverty gaps ; however, due to higher social weight assigned to poorer individual , weighted contribution to poverty remains greater for individual compared with individual .
Accordingly, post-transfer WRPG value becomes:

As shown in Table (3.7), the increase in the WRPG value after the regressive transfer demonstrates that the index is sensitive to inequality among the poor. This confirms that the proposed WRPG measure satisfies the Transfer Principle under heterogeneous social weights, as larger ethical importance is assigned to individuals experiencing deeper deprivation.
Observation WRPG decreased from 0.667 to 0.65 following the progressive transfer of income from B to A, demonstrating that poverty is reduced when income is shifted from a less poor to a poorer individual, consistent with Transfer Principle.
The poorest individual (A) has a larger social weight, so an improvement in their income reduces WRPG more significantly. If all social weights were equal (), decrease in WRPG would be less pronounced, but the transfer would still reduce poverty. This example clearly illustrates the sensitivity of WRPG to within-poor distribution, which distinguishes it from traditional poverty indices.

[image: ]
        
   Figure (3.5) Transfer Principle of WRPG
As illustrated in Figure (3.5) and supported by numerical results reported in Table (3.7), WRPG value decreases following a progressive transfer toward the poorer individual. Figure graphically demonstrates the sensitivity of WRPG measure to redistributive changes among the poor, while table provides the corresponding quantitative evidence of this variation. Accordingly, observed decline in WRPG confirms that proposed index satisfies Transfer Principle by assigning greater ethical significance to improvements in welfare of the poorest individuals. Demonstrate decrease in WRPG after Progressive transfer. From the figure, we can clearly observe effect of Transfer Principle in WRPG. 
poverty gap of the poorest individual, A, decreased after receiving 10 income units from B, reducing A’s contribution to poverty from 0.10 to 0.08. At the same time, the contribution of the less poor individual among the poor, B, decreased from 0.05 to 0.03 due to the transfer, reflecting the progressive effect. The contribution of the unaffected individual, C, remained constant at 0.10. Consequently, total weighted poverty of WRPG decreased after transferring income from the less poor to the poorest individual, confirming that WRPG respects  transfer Principle.


3.4.4 Scale Invariance (Independence of Measurement Units) of WRPG Index
Scale invariance axiom states that the poverty measure should remain unchanged when all incomes and poverty line are scaled by the same positive factor for example, switching currency from dollars to cents, or rescaling due to inflation. This ensures that the measure depends only on relative positions of incomes to poverty line, not on absolute units of measurement, Foster et al. (1984); Zheng (1997); Atkinson (2019).
   Scale Invariance of R-approach
Let Weighted Reversed Poverty Gap (WRPG) be defined as

Where

Now, suppose we scale all incomes and poverty line are scaled by a positive constant 

The new poverty gap for individual  becomes

Also, poverty status indicator remains unchanged

Thus, Scaled Weighted Reversed Poverty Gap is

That,  the income of individual  after a scale transformation or relative change, i.e., if all incomes are multiplied by a positive constant to change the unit of measurement for example, from pounds to dollars.

Similarly,   poverty line after the scale change using the same factor , e.g.,
,
This transformation is to ensure that the new measure preserves the ratios between income and poverty line.  the relative poverty gap after the scale change, calculated with respect to the new poverty line and the new income
,
The result remains unchanged, meaning that the relative poverty gap is not affected by a change in the unit of measurement, which demonstrates the property of Scale Invariance. WRPG* is WRPG index after the scale transformation, calculated using , , and .
                    (3.11)
This result shows that WRPG index does not change with a change in units, confirming that WRPG is scale independent. Hence, WRPG is scale invariant, provided that the weights  do not depend on absolute income levels but rather on relative terms for example,  .  If  is homogeneous of degree zero  , the property holds exactly. A function is said to be homogeneous of degree zero if
That is, if all inputs are multiplied by the same positive scalar, the output remains unchanged. Accordingly, we define the weights as
where  is a function of relative ratio only. Under scaling, we obtain
                                   (3.12)

Hence, the weight remains invariant. This implies that if poverty index  is to satisfy scale invariance property, all of its components (especially the weights ) must be unaffected by rescaling. This requirement holds only if  depends on relative ratio  or (equivalently, on poverty gap ), rather than on the absolute income level .
 WRPG is scale invariant, meaning it depends only on relative poverty rather than absolute monetary values. This ensures that comparisons across countries (with different currencies) or across time (with inflation) are meaningful. Without scale invariance, poverty indices could misleadingly change merely because of rescaling the income unit, even though the underlying poverty situation is unchanged. In contrast, WRPG remains independent of units of measurement, thereby enabling robust cross country comparisons and consistent poverty monitoring over time, Alkire and Foster (2011) ; Atkinson (2019).
Example of Scale Invariance of Weighted Reversed Poverty Gap

	Individual
	Income 
	Social weight 
	Relative gap 
	Contribution 

	1

	500
	1
	(1000−500)/1000 = 0.5
	0.5

	2

	700
	1.2
	(1000−700)/1000 = 0.3
	0.36

	3

	900
	0.8
	(1000−900)/1000 = 0.1
	0.08


 Calculation of WRPG
Applying Scale Invariance multiply all incomes and poverty line by 2

 Table (3.8): Scale Invariance (Independence of Measurement Units) of WRPG Index

	Individual
	Income 
	Poverty line 
	Relative gap 
	Contribution 

	1

	1000
	2000
	0.5
	0.5

	2

	1400
	2000
	0.3
	0.36

	3

	1800
	2000
	0.1
	0.08




Observation WRPG value remains unchanged despite the change in income scale and unit of measurement, which demonstrates the Scale Invariance property.
Example (2) Scale Invariance of Weighted Reversed Poverty Gap Index
	Individual
	Income 
	Poor 
	Relative gap 
	Social weight 
	Contribution to WRPG 

	1
	50
	Yes
	0.50
	1
	0.50

	2
	80
	Yes
	0.20
	1
	0.20

	3
	120
	No
	0
	1
	0

	4
	60
	Yes
	0.40
	1
	0.40

	5
	150
	No
	0
	1
	0


Poverty line . Calculation of WRPG
Applying Scale Invariance multiply all incomes and poverty line by 2 .

Table (3.9): Scale Invariance of WRPG Index
	[bookmark: _Hlk217416700]Individual


	New income 
	Poor 
	Relative gap 
	Contribution 

	1

	100
	Yes
	0.50
	0.50

	2

	160
	Yes
	0.20
	0.20

	3

	240
	No
	0
	0

	4

	120
	Yes
	0.40
	0.40

	5

	300
	No
	0
	0



WRPG shows unchanged after doubling all incomes and poverty line. This confirms that the Scale Invariance property holds the index depends on the ratio of income to poverty line, not on the absolute units of measurement.
[image: ]

 Figure (3.6): Scale Invariance of WRPG Contributions 
It is clearly observed that WRPG index satisfies Scale Invariance property, meaning that each individual’s contribution remains unchanged even after multiplying both income and poverty line by the same factor. This is illustrated by the dark blue bars WRPG and the light blue bars (Scaled WRPG), which are nearly identical for each individual (A, B, C, D). 
Despite doubling all incomes and poverty line, the overall value of the index remains constant, indicating that weighted average contributions WRPG do not change. This confirms that the index preserves its relative structure under proportional scaling of income and poverty line, meaning that weighted measure of poverty remains stable when the scale is adjusted by the same ratio.
3.3.5 Population Invariance (Robustness to Population Size) of WRPG
Definition of  Population Invariance
Replicating or proportionally expanding population does not change WRPG value since it is normalized by population size . The population invariance axiom also called (replication invariance) requires that the poverty measure remain unchanged if the population is replicated or expanded proportionally.
That is, if every individual in the population is duplicated (or the entire population is scaled by any positive integer factor), the poverty index should yield the same value. This property ensures that the index measures poverty intensity, not absolute counts, and is therefore robust to population size Sen (1976); Foster et al. (1984); Zheng (1997); Alkire and Foster (2011).
 R-approach of  Population Invariance
Suppose we have an original population of size  with incomes

  is defined as

Now suppose the population is replicated  times for example, each individual is duplicated  times. New population size

New dataset

where . The new WRPG becomes

Since , and  

                      (3.13)

                                                                (3.14)
Hence, WRPG is invariant to population replication, Foster (2010); Decanq and Lugo (2013).
WRPG is invariant to population scaling, meaning it reflects poverty intensity per capita, not the sheer number of poor individuals. This property is essential for cross-country comparisons (large vs. small populations) and for evaluating poverty trends when population grows over time. Without population invariance, the index would misleadingly suggest higher poverty simply due to population growth, even if the underlying distribution of poverty remained unchanged.
3.3.6 Sensitivity to Depth and Severity of Poverty
A well-defined poverty measure should not only identify who is poor but also be sensitive to both depth and severity of poverty. Depth reflects how far an individual’s income falls below poverty line, while severity captures the degree of inequality among the poor, assigning greater weight to those furthest below the threshold. WRPG index achieves this by weighting reversed poverty gaps () with social weights (), ensuring that larger shortfalls contribute disproportionately more to the overall poverty measure, Sen (1976); Chakravarty (2009); Alkire and Foster (2011). Depth how far an individual’s income falls short of poverty line.
 R-approach of Sensitivity to Depth and Severity of Poverty
 WRPG is defined as
with

Using reversed gap together with the social weighting function  ensures that the most deprived individuals contribute more significantly to the overall poverty measure. In this way, the internal distribution of deprivation among the poor directly affects the value of the index. When , the indicator , meaning that individual’s contribution becomes zero. 
Hence, WRPG focuses exclusively on those below poverty line, emphasizing both the depth and severity of their deprivation. Accordingly, WRPG embodies Sen’s ethical philosophy, giving greater priority to the poorest among the poor and thereby satisfying principles of Transfer Sensitivity and Monotonicity. Importantly, WRPG framework allows for integration with diverse forms of social weighting, extending beyond mere income ranking as in Sen’s original index. Moreover, it remains flexible and adaptable, making it applicable to multidimensional poverty frameworks where deprivation extends beyond income to other capability-based dimensions.
1- Derivation of Depth and Severity Sensitivity
Definition of Relative Poverty Gap
Let denote poverty line and the income of individual . Relative poverty gap for individual is defined as

This means that if an individual’s income is close to poverty line , then poverty gap will be small. Conversely, if the individual’s income lies far below poverty line, the gap  becomes larger, reflecting a deeper level of deprivation. Hence, captures the depth of poverty for each poor individual, forming foundation for assessing both depth and severity sensitivity in WRPG framework.
2- Deriving Depth Sensitivity
 if income  decreases further (while still below ), happens to poverty gap , from
Differentiate  with respect to 
Since , we obtain

                                                    (3.15)
In the sense of as income  decreases, the gap increases. And this means poverty gap becomes larger to the contribution of the individual to WRPG index rises then the index is sensitive to the depth of poverty.

3-Deriving Severity Sensitivity
Suppose we have two poor individuals, and , both assigned the same social weight , with poverty gaps and , respectively. If
then
                                                   (3.16)

indicating that the poorer individual with the larger shortfall contributes more to the index. To capture distributional sensitivity among the poor, consider two poor individuals and  who share the same social weight  but have different poverty gaps. If , then . This indicates that the index assigns a larger contribution to the poorer individual with the greater shortfall. Hence, by comparing two poverty gaps, it becomes clear that when , the poorer individual contributes more to the overall poverty measure.
Furthermore, if the social weight itself is specified as an increasing function of poverty gap, that is  with , then the sensitivity to severity is further reinforced. In such a case, a further decline in  below poverty line increases both poverty gap  and its corresponding social weight , thereby amplifying the index’s responsiveness to extreme poverty and enhancing its ethical and distributional sensitivity.
From an interpretative perspective, depth sensitivity ensures that the poverty measure responds proportionally to the shortfall of incomes below poverty line, while severity sensitivity ensures that the poorest among the poor are given greater weight in the aggregation, in line with equity principles. These properties make WRPG particularly suitable for economic targeting in contexts where extreme poverty is a critical concern, (Chakravarty, 2009; Decanq and Lugo, 2013).
3.3.7 Subgroup Decomposability (Regional and Group Analysis) of WRPG
Definition of  Subgroup Decomposability
A poverty measure is subgroup decomposable if the overall index for the population can be exactly expressed as the population-share weighted sum of subgroup poverty indices. That is, if the population is divided into mutually exclusive and collectively exhaustive groups (i.e., by region, gender, or urban/rural), then
                                                       (3.17)
where  is size of subgroup ,  is poverty measure for subgroup , and . Formally, if the population is divided into mutually exclusive and collectively exhaustive subgroups, the overall index should be expressible as a population share weighted sum of subgroup indices, Foster et al. (1984); Alkire and Foster (2011); Chakravarty (2009).
 R-approach of  Subgroup Decomposability
The individual contribution within subgroup  is
,
where

The subgroup index is
                                 (3.18)
Where,  is Subgroup population size,  is income of individual  in subgroup . Let the total population be divided into  subgroups.
The overall index is then

Rewriting, we obtain

 Subgroup Decomposability
The overall WRPG definition

Group terms by subgroup

Recognize the inner term as the subgroup index  
                                        (3.19)
Thus, WRPG is exactly decomposable by subgroups.
Subgroup decomposability property ensures that WRPG can be consistently broken down by region, demographic group, or any relevant socio-economic characteristic. This property is of substantial importance in applied poverty analysis, because economy makers are rarely concerned only with the aggregate national poverty level; rather, they also require knowledge of which subgroups contribute most to overall poverty (Foster et al, 1984; Chakravarty, 2009).
 Furthermore, decomposability enhances the economy relevance of WRPG by enabling the evaluation of targeted interventions the impact of economy can be assessed within each subgroup and then aggregated in a coherent and consistent manner to the national level, Alkire and Foster (2011); Decancq and Lugo (2013); Atkinson (2019).
Example of subgroup decomposability property of WRPG
Consider a small community of six individuals, divided into two subgroups
	Individual

	Income 
	Group

	1

	100
	Rural

	2

	150
	Rural

	3

	80
	Rural

	4

	200
	Urban

	5

	120
	Urban

	6

	90
	Urban


Poverty line . Compute poverty gaps for poor individuals.
Table (3.10): Subgroup Decomposability of WRPG
	Individual
	Poor
	

	1
	Yes
	0.375

	2
	Yes
	0.0625

	3
	Yes
	0.5

	4
	No
	0

	5
	Yes
	0.25

	6
	Yes
	0.4375


Step 2: Calculating WRPG for Each Subgroup
Group 1 Rural (Individuals 1, 2, 3)

Group 2 Urban (Individuals 4, 5, 6)

Compute overall WRPG using population

Step 3: Computing the Overall WRPG as a Weighted
Number of individuals in each group


Step 4: the Overall Result, If we calculate WRPG directly for all individuals

The results are identical, which provides a clear empirical verification of the decomposability property of WRPG index. Enables regional or demographic analysis while preserving the ethical weighting among the poor. Supports policy evaluation by identifying which subgroups contribute most to national poverty. Combines the ethical ranking framework of Sen with the computational flexibility of FGT type measures. Ensures that redistribution or targeted interventions can be assessed at the subgroup level and aggregated consistently.
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               Figure (3.5): Subgroup Decomposability of WRPG
We observe the Subgroup Decomposability property of WRPG index. WRPG values for each subgroup are clearly defined

The overall WRPG represents a weighted average of the subgroups. The dashed orange line indicates the total WRPG
This is weighted mean of the two subgroup values, based on the relative sizes of the rural and urban populations.
WRPG index can be analysed and decomposed across subgroups (e.g., rural vs. urban) while maintaining consistency with the overall aggregate measure. This property enables a detailed examination of poverty within specific groups without compromising the accuracy of the total index.
[bookmark: _Hlk216468809]3.5 Development of New Weighted Reverse Poverty Gap and Advancement of Poverty Measurement
Building on this foundation, MWRPG extends the index by explicitly incorporating social and normative weights. These weights enable the index to reflect moral, economic, and policy priorities, such as assigning greater importance to households experiencing chronic poverty, severe deprivation, or social marginalization. By embedding ethical and distributive considerations directly into its structure, MWRPG addresses long-standing gap in justice sensitivity in poverty measurement. As a result, it aligns with the goals of equity-oriented economics, emphasizing fairness, social justice, and inclusive growth (Sen, 1999; Dasgupta, 1993).
Together, WRPG and MWRPG represent a new generation of poverty measures that combine axiomatic rigor with normative flexibility. They remain decomposable, facilitating subgroup analysis; sensitive to inequality among the poor, capturing intra-group disparities; and multidimensionally scalable, accommodating the complex realities of socioeconomic deprivation. At the same time, they strengthen the decision-making relevance of poverty measures by integrating justice-oriented perspectives, thus providing instruments capable of supporting fairer poverty reduction strategies and enabling resource allocation decisions that balance efficiency with distributive equity.
Advancing Poverty Measurement, WRPG and its socially extended counterpart, MWRPG represent a significant methodological advancement in poverty measurement. By addressing the shortcomings left by classical indices namely, the lack of sensitivity to inequality among the poor, the absence of explicit social weights, and the weakness of normative foundations these indices establish a rigorous, policy-relevant conceptual framework for assessing poverty in both unidimensional and multidimensional settings Alkire and Foster (2011); Sen (1999).
[bookmark: _Hlk215751864]Chapter Four extends this framework to MWRPG, integrating explicit social weights to capture normative priorities and distributive justice considerations. Together, these contributions offer robust analytical tools for poverty assessment, enabling policymakers to reflect dimensions of equity, intra-poor inequality, and societal priorities within a single, coherent measurement framework.




A New Weighted Class of Poverty Measures:  WRPG Framework  
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Chapter Four
New  Multidimensional Socially Weighted Reversed Poverty Gap Index

[bookmark: _Hlk218890664]Chapter Four
New  Multidimensional Socially Weighted Reversed Poverty Gap Index
4.1 Introduction to Multidimensional Weighted Reversed Poverty Gap Index (MWRPG)
Over the past decades, conventional poverty indices such as the Foster, Greer, and Thorbecke (1984) measures, Sen’s (1976, 1997) social welfare and poverty indices, and Atkinson’s (1987) framework for poverty measurement and weighting have played a pivotal role in quantifying and comparing poverty levels across populations. These indices were originally designed to capture the incidence, depth, and severity of poverty from a purely monetary perspective, providing policymakers with valuable tools for income based poverty evaluation.
However, despite their analytical and empirical usefulness, these classical measures exhibit several structural limitations that restrict their interpretive and policy relevance. First, the income-centric perspective traditional indices rely exclusively on income or expenditure as the defining criterion of poverty. This unidimensional approach neglects crucial non-monetary aspects of human deprivation such as education, working hours, health, employment stability, and access to essential public services that fundamentally shape individual well-being.
Second, the uniform treatment of the poor all individuals below poverty line are assigned equal weights, regardless of the depth or severity of their deprivation. As a result, a household just below the poverty threshold is treated in the same manner as one experiencing extreme deprivation, despite substantial differences in their socioeconomic conditions.
Third, there is weak sensitivity to the most vulnerable groups since these indices are constructed solely on income gaps, they fail to capture developmental priorities aimed at specific disadvantaged populations such as rural communities, low-education households, or individuals with disabilities and social exclusion. Consequently, their ability to inform equity-oriented or pro-poor policy interventions remains limited.
In light of these limitations, WRPG was developed as an advanced reformulation that bridges this conceptual divide. By incorporating socially sensitive weighting functions within the reversed gap framework, WRPG simultaneously captures monetary and non-monetary deprivations within a unified analytical structure. It also extends the methodological scope of WRPG by directly embedding principles of social justice and distributive fairness into the poverty metric thereby assigning greater ethical and statistical emphasis to the most deprived subgroups, while maintaining the analytical rigor of the gap-based approach.
[bookmark: _Hlk218766679]4.2 From WRPG to MWRPG, Measurement of Poverty
Toward a Deeper and Fairer, MWRPG represents a direct extension of WRPG, which was originally developed to assess the intensity of poverty in a single dimension typically income.
However, contemporary research in poverty analysis has demonstrated that deprivation cannot be fully captured by income alone. Poverty is a multifaceted phenomenon, extending to other critical dimensions that determine quality of life, such as education, health, and productive employment.
Building on this understanding, MWRPG has been developed as a more comprehensive and ethically sensitive measure, reflecting the complex socio-economic structure of poverty while embedding a moral dimension within its quantitative formulation. MWRPG is defined as
                               (4.1)
where

And 

Here, denotes relative poverty gap in dimension , representing the proportionate shortfall of achievement  from poverty line ; is the structural or sampling weight, reflecting demographic or regional characteristics such as rural/urban status or age group; and is the social weight, representing the ethical importance of deprivation and increasing with the depth of poverty.
Through this structure, MWRPG becomes socially sensitive, such that individuals who are worse off exert greater influence on the overall measure thereby operationalizing Sen’s (1976) ethical principle of “The Poorest First”. MWRPG is not merely a statistical measure but a normative tool grounded in the philosophy of social justice. It embodies the principle of Relative Justice, which posits that deprivation should be assessed relative to a socially acceptable standard of living, rather than in absolute terms of income or resources.
This ethical perspective is expressed through the social weighting function , whereby individuals with greater shortfalls from poverty line receive proportionally higher ethical weights. Thus, the index integrates both quantitative precision and moral responsiveness, making it a hybrid measure that bridges statistical analysis and ethical evaluation of human deprivation.
4.3 Advantages of Multidimensional Weighted Reversed Poverty Gap
MWRPG surpasses conventional indices in several key respects. Depth Sensitivity, The index increases with larger relative gaps , capturing severity rather than mere incidence of poverty. Ethical Priority, Greater social weights are assigned to the poorest, consistent with principles of distributive justice. Consistency results remain invariant to regrouping or rescaling of subpopulations. Multidimensionality index integrates multiple dimensions (income, education, working hours), providing a comprehensive and realistic depiction of poverty.
4.4 Multidimensional Structure of Multidimensional Weighted Reversed Poverty Gap
MWRPG allows hierarchical decomposition, from individual-level analysis to aggregate multidimensional levels, within a coherent framework
                    (4.2)
Where
 Total number of individuals in the population
R: Number of regions or population groups
: Number of individuals in region 
: Number of poverty dimensions (income, education, work). Rearranging dimensions

showing that the overall index is a population weighted average of regional subindices. This property allows for local poverty analysis without losing national-level consistency or comparability. Dimensional and Group-Specific, For a given dimension , a partial sub-index may be defined as

and the overall MWRPG is computed as weighted sum across dimensions
                                      (4.3)
This structure ensures the preservation of both social and structural weighting systems across dimensions, enabling a balanced integration of monetary and non-monetary deprivations.
4.5 Social Weighting Function  of Multidimensional Weighted Reversed Poverty Gap
[bookmark: _Hlk218371415]Social weighting function constitutes normative of MWRPG, determining the degree of sensitivity of the index to extreme poverty. Selecting its functional form is a social methodological decision, as it represents how society allocates moral attention among the poor.
(a) Power–Inverse Form
Power–Inverse Form means that:

For , , and the index collapses to standard Poverty Gap Index (PG). For , higher weights are given to the extremely poor, increasing sensitivity to severe poverty.
(b) Exponential Form
Exponential Form means that:

This form exponentially magnifies weights as income approaches zero, making the index highly responsive to extreme deprivation.
(c) Rank-Based Form
Rank-Based Form means that:
	
Weights are assigned according to the relative rank of individuals, giving priority to the poorest in explicit alignment with the “Poorest First” principle.
(d) Composite Form


[bookmark: _Hlk218623992]combining structural sensitivity (, such as gender or region) with ethical weighting (), thus yielding a dual sensitivity both multidimensional and socially grounded. The function  operationalizes Sen’s distributive justice principle Sen (1976; 1992). “The worse off an individual is, the greater is the social value of improving their condition.” Incorporating within MWRPG constitutes an explicit integration of social and ethical reasoning into quantitative model, balancing statistical precision with normative fairness.
The index therefore measures poverty not merely as a numerical shortfall but as a moral and social phenomenon, reflecting the gradation of collective concern toward the poor. Through this structure, MWRPG represents a next generation poverty index, combining, Rigorous quantitative analysis of deprivation gaps, Ethical and social sensitivity grounded in justice theory, and analytical flexibility for disaggregating poverty by dimensions, regions, or population groups.
In essence, MWRPG captures not only how much poverty exists but also how deep it is and how it is distributed among the poor, establishing itself as a normative, robust, and policy relevant instrument for multidimensional poverty assessment and the advancement of equitable social method.

4.6  Axiomatic Properties of  Multidimensional Weighted Reversed Poverty Gap (MWRPG)
The axiomatic properties of Multidimensional Weighted Reversed Poverty Gap (MWRPG) provide theoretical foundation for evaluating consistency, reliability, and ethical sensitivity of the proposed index. These properties are essential for determining whether measure satisfies the fundamental principles required for a robust multidimensional poverty indicator. In this section, the main axiomatic conditions of the MWRPG measure are examined and formally verified in order to demonstrate its ability to capture multidimensional deprivation while incorporating social and ethical weighting considerations.
4.6.1 Focus Property of Multidimensional Weighted Reversed Poverty Gap
Focus Property asserts that a poverty index should respond exclusively to changes affecting poor individuals those whose achievements fall below the poverty threshold in at least one dimension . In other words, the addition or removal of a non-poor individual (e.g., an individual whose achievements exceed poverty line in all dimensions) should have no effect on the index.
This property provides both methodological rigor and ethical grounding, ensuring that the index concentrates solely on actual deprivation rather than being influenced by well-being or wealth of the non-poor. Consequently, it guarantees that the index measures the intensity and breadth of real poverty, rather than overall income or wealth inequality.
Focus Property is a fundamental ethical and axiomatic pillar for any poverty index built on Sen’s framework (Sen, 1976). From an ethical perspective, it distinguishes clearly between, Distributive justice among the poor, captured by the index, and General inequality between rich and poor, reflecting overall social welfare.
Multidimensional Weighted Reversed Poverty Gap  is defined as
where

represents relative poverty gap in dimension , and   denotes the social weight, reflecting severity of deprivation. Suppose we introduce a new individual  whose achievements exceed poverty line in all dimensions

Since individual  is non-poor in every dimension, relative gaps are


and the contribution to the index across all dimensions is

Thus, new index formula becomes
Given that , the second term vanishes entirely
            (4.4)

If the index is normalized with respect to the number of poor individuals only, as is standard in practical applications, we have

                                                   (4.5)

Hence, the addition or removal of non-poor individuals does not alter the index, confirming Focus Property.
Each dimension represents a specific form of deprivation such as low income, poor education, or insufficient productive hours.  Focus Property ensures that MWRPG responds solely to actual deprivations, Individuals not experiencing deprivation in any dimension have zero contribution, effectively being excluded from the index, and The index thus captures both the intensity and distribution of poverty among the poor, without being affected by the wealth or number of non-poor individuals.
This property provides high interpretive accuracy and makes MWRPG an analytically consistent tool aligned with social justice philosophy, as it restricts the analysis to deprived groups that are the focus of social policies. Ethically, it underscores one of the most important principles in poverty measurement societal attention should be directed exclusively toward those experiencing genuine deprivation.
By satisfying Focus Property, MWRPG establishes a clear link between empirical measurement and Sen’s ethical framework (Sen, 1976), later developed in applied multidimensional indices, Foster, Greer, and Thorbecke (1984); Alkire and Foster (2011), ensuring that the index is both methodologically robust and socially meaningful.
Example of Focus Property in Multidimensional Weighted Reversed Poverty Gap
Consider a population of six individuals, each evaluated across three dimensions income, education, and working hours. The poverty thresholds for each dimension are set as     The individual achievements are summarized in the table below
	Individual
	Income 
	Education 
	Work 

	1
	800
	30
	35

	2
	1200
	40
	45

	3
	600
	20
	25

	4
	1500
	50
	50

	5
	900
	35
	40

	6
	2000
	60
	55


By definition, relative poverty gap in each dimension is
where  is the indicator function, equal to 1 if the individual is poor in that dimension and 0 otherwise. The computed gaps and their sum across dimensions for each individual are
Table (4.1): Focus Property of Multidimensional Weighted Reversed Poverty Gap (MWRPG)
	Individual
	(Income)
	 (Education)
	(Work)
	Total Contribution

	1
	0.20
	0.25
	0.125
	0.575

	2
	0
	0
	0
	0

	3
	0.40
	0.50
	0.375
	1.275

	4
	0
	0
	0
	0

	5
	0.10
	0.125
	0
	0.225


Assuming uniform social weights  for all individuals, the overall MWRPG index is computed as
Suppose we remove the sixth individual, who is non-poor across all dimensions. Since this individual contributes zero to the index, the value of MWRPG remains unchanged

This example demonstrates Focus Property, showing that MWRPG measures only depth and severity of actual deprivation among the poor, while remaining unaffected by non-poor individuals or the distribution of wealth in society.
From an ethical and methodological perspective, the property ensures that MWRPG, Responds exclusively to individuals experiencing real deprivation, Excludes the influence of non-poor individuals, thereby concentrating social concern where it is most needed, and Aligns with the theoretical framework of Sen (1976) and the extended work by Foster, Greer and Thorbecke (1984) and Alkire and Foster (2011).
Consequently, MWRPG can be regarded as a socially just, methodologically rigorous, and ethically coherent tool for measuring multidimensional poverty in contemporary societies.
4.6.2  Monotonicity Property of Multidimensional Weighted Reversed Poverty Gap 
Monotonicity Property is a fundamental normative and analytical feature in poverty measurement theory. It reflects the sensitivity of the index to deteriorations in the well-being of poor individuals. Formally, the property states that if the achievement or income of any poor individual decreases in any dimension, the aggregate index should increase, i.e., the index rises in response to increased deprivation.
This property is central to the analytical foundation of MWRPG because it ensures that the index responds both logically and ethically to worsening conditions. In particular, monotonicity aligns the index with Amartya Sen’s (1976) ethical philosophy, which asserts that any deterioration in the condition of the most deprived should be unequivocally reflected in the overall social evaluation, thereby embedding social justice into the measurement process. Multidimensional Weighted Reversed Poverty Gap is defined as
where
Social weights are specified as

which implies that individuals with lower achievements () receive higher social weights, reflecting greater ethical priority for those most deprived. The contribution of individual in dimension  is defined as

Taking the partial derivative of  with respect to the achievement 
Since
                                           (4.5)
and social weight function is increasing in deprivation (), it follows that


Hence, any decrease in individual achievement leads to an increase in their contribution to total poverty, which constitutes the core of the monotonicity property.
From a social perspective, monotonicity ensures that MWRPG is sensitive to the depth of poverty, not merely its incidence. When a poor individual’s condition worsens for example, due to reduced income or school dropout the ethical weight of their deprivation increases, reflecting the normative priority assigned to the most deprived. This alignment between formulation and ethical reasoning demonstrates that MWRPG measures not only the incidence of poverty but also its intensity and the distribution among the poor.
Suppose individual is poor in dimension , e.g., . If their achievement declines by , the updated achievement is
yielding a new relative gap
Given , the new individual contribution becomes
Aggregating across  population

confirming that the index increases when individual deprivation deepens. Monotonicity Property guarantees that MWRPG, Responds positively to genuine deterioration in the well-being of the poor, remains sensitive to depth of deprivation, rather than only detecting its presence, and Preserves mathematical and ethical consistency across multiple dimensions.
Thus, MWRPG is a comprehensive tool that integrates statistical accuracy, social sensitivity, and ethical responsiveness, ensuring that the needs of the most deprived receive the highest priority in multidimensional poverty measurement.
Monotonicity Property is a cornerstone in the theory of poverty measurement, Sen, 1976; Foster, Greer & Thorbecke, 1984. It formalizes the principle that any deterioration in the well-being of a poor individual should be reflected as an increase in the overall poverty index. If  represents the achievement of individual and the relevant poverty threshold, monotonicity requires
where  denotes a general poverty measure. This condition ensures that the index increases when deprivation deepens, reflecting its ethical and analytical responsiveness. For  Multidimensional Weighted Reversed Poverty Gap, the index is defined as
with
where represents the social weight, an increasing function of deprivation , ensuring that individuals experiencing deeper poverty receive greater weight in the index. The partial derivative of the individual contribution  with respect to achievement  is
                                                      (4.6)
where  and . Hence, any decrease in results in an increased contribution to total poverty, demonstrating monotonicity at the individual level.
Example of Monotonicity Property of Multidimensional Weighted Reversed Poverty Gap (MWRPG)
Consider a sample of four individuals observed across three dimensions income, education, and working hours. The poverty thresholds are

	Individual
	(Income)
	(Education)
	(Work Hours)

	1
	400
	8
	30

	2
	600
	10
	38

	3
	800
	12
	35

	4
	1200
	18
	45


Computing relative gaps
Table (4.2): Monotonicity Property of Multidimensional Weighted Reversed Poverty Gap (MWRPG)
	Individual
	
	
	
	

	1
	0.60
	0.50
	0.25
	0.45

	2
	0.40
	0.375
	0.05
	0.275

	3
	0.20
	0.25
	0.125
	0.192

	4
	0
	0
	0
	0


Overall index

Suppose individual 2 experiences a decline in income from 600 to 500, remaining below poverty line (). The updated relative gap for income is
yielding a new individual contribution
The revised overall index becomes
Thus, a decline in a poor individual’s achievement increases the overall index, empirically confirming  monotonicity property of MWRPG.
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Figure (4.1): Monotonicity Property of MWRPG
Monotonicity Property ensures that MWRPG is responsive to actual deteriorations in the welfare of the poor, Sensitive to the depth of poverty, not merely its incidence, and Consistent across multiple dimensions, reflecting both mathematical rigor and ethical reasoning.
From an ethical perspective, this property embodies Sen’s concept of ethical responsiveness (Sen, 1976), emphasizing that the worse off an individual is, the greater the social importance of improving their condition. Consequently, MWRPG does not merely quantify poverty incidence but also captures intensity and distributional inequalities among the poor, making it a robust and socially meaningful tool for multidimensional poverty assessment in both academic research and policy applications.
4.6.3  Transfer Sensitivity of Multidimensional Weighted Reversed Poverty Gap Index
Transfer sensitivity is one of the fundamental ethical and axiomatic requirements for any poverty measure. If a progressive transfer of income or resources occurs from a less poor individual to a poorer individual  provided that neither crosses poverty line the overall poverty measure must decrease Sen (1976); Foster, Greer, and Thorbecke (1984); Chakravarty (2009).
In simpler terms, poverty should fall whenever the situation of the poorest person improves at the expense of someone who is still poor but better off. This principle guarantees that the index is sensitive to the distribution of deprivation among the poor, not merely the average depth of poverty.
Ethical interpretation The welfare of the poorest carries greater moral weight; a transfer that benefits them represents an improvement in social justice. The poverty measure must decline whenever inequality among the poor decreases (without lifting anyone above poverty line). Therefore, a poverty index that respects the Transfer Principle is both ethically consistent and distributionally sensitive.
Multidimensional Weighted Reversed Poverty Gap index is defined as

	,                        (4.7)
where,   is Achievement (income, education, or work hours) of individual in dimension ,  is Poverty line for dimension ,  is Relative deprivation gap,  is Social weight, increasing with , 
 is total number of individuals, and   is Number of poverty dimensions. Thus, represents weighted social average of multidimensional deprivation, integrating both its intensity and ethical sensitivity.
 Progressive Transfer Case
To demonstrate transfer Principle, consider a single dimension (for example, income). Let there be two poor individuals  and , such that
That is, A is poorer than B. Suppose a progressive transfer  occurs from the less poor individual  to the poorer individual 
with both individuals remaining below poverty line (). Before the transfer
After the transfer
.
Thus, the poorer individual’s gap decreases, while the less poor’s gap increases slightly. Effect on Social Weights, Assume that the social weight function is differentiable and strictly increasing in deprivation gap ().
Then

This means the poorest individual’s weight decreases slightly after improvement (since they are less deprived), while the less poor individual’s weight increases slightly (as they become poorer). Effect on Individual Contributions, Each individual’s contribution to MWRPG before transfer is
After transfer
The total contribution of both individuals to the index is
and after transfer
The total change in contribution is
Taking the total differential for an infinitesimal transfer 
Given
and since  , substitution yields
Because
,
it follows that

Hence

and therefore
                                 (4.8)
A progressive transfer from a less poor to a poorer individual reduces the overall MWRPG value, confirming that the index satisfies Transfer Principle. This result confirms that MWRPG aligns with Sen’s principle of distributive justice (1976), a transfer from a less poor to a poorer individual, without lifting either above poverty line, improves social equity and must manifest as a lower measured poverty level.
The social weight function  plays a critical role in this ethical responsiveness. It ensures that, The improvement in welfare of the poorest has a larger social impact than an equivalent improvement among the less poor. The index reacts strongly to inequality within the poor population. Therefore, MWRPG not only measures poverty depth but also captures intra-poor inequality making it an ethically grounded instrument for policy analysis.
For  dimensions (income, education, working hours, etc.), Transfer Principle extends naturally If a progressive transfer occurs in any single dimension , such that
then
This ensures multidimensional ethical consistency. A transfer that benefits a poorer individual in any dimension reduces overall poverty.


Example of Transfer Principle of Multidimensional Weighted Reversed Poverty Gap Index
Let us consider a simple example with three individuals and two poverty dimensions (income and working hours).
	Individual
	Income ()
	Working Hours ()
	
	

	1
	400
	30
	0.60
	0.25

	2
	600
	35
	0.40
	0.125

	3
	900
	38
	0.10
	0.05


Assuming equal weights , the pre-transfer MWRPG is
Now, suppose a progressive transfer of income occurs from individual 2 to 1.

Computing gaps


MWRPG decreases, confirming that Transfer Principle holds empirically. Transfer Principle ensures that MWRPG index satisfies a crucial ethical and distributive condition of poverty measurement.

[image: ]
Figure (4.2): Transfer Sensitivity of  MWRPG Index
It ensures that, the index decreases under any progressive redistribution among the poor, It reflects ethical fairness by valuing improvements in the welfare of the poorest more strongly, and It captures inequality among the poor, not only their average deprivation. Hence, MWRPG qualifies as a morally consistent and analytically robust measure of multidimensional poverty suitable for evaluating redistributive policies, social programs, and intra-poor equity dynamics.
4.6.4  Scale Invariance Property of Multidimensional Weighted Reversed Poverty Gap
Scale Invariance Property represents one of the most fundamental normative and methodological requirements of poverty measurement. In the context of MWRPG, this property ensures that the index remains unchanged under proportional transformations of the income or achievement scale, such as variations in measurement units, price levels, or currencies. 
Therefore, it reflects the ethical foundation that MWRPG captures relative deprivation rather than absolute monetary levels, thereby measuring genuine poverty rather than nominal differences. From a social and ethical perspective, scale invariance guarantees that the comparison of poverty across countries or time periods remains fair and meaningful.
 It neutralizes the effects of inflation, purchasing power disparities, or currency differences, thus maintaining the comparability of the deprivation structure. In essence, it embodies Sen’s ethical principle that poverty is a relative social condition, evaluated against the prevailing standard of living rather than fixed income thresholds.  MWRPG is defined as

where

Here,  denotes the achievement (e.g., income, education, or health score) of individual in dimension , and  represents poverty line for that dimension. The term corresponds to the social weight, which reflects the ethical sensitivity assigned to individual ’s shortfall in dimension .
Assume that all achievements and poverty lines are multiplied by a positive scalar 
Then the transformed relative gap becomes

Hence, the relative deprivation  remains unchanged, since it depends only on the ratio , not on their absolute magnitudes. If the social weights are defined as functions of the relative deprivation or the ratio   that is,  then

Thus, social weights remain invariant under any uniform scaling of both income and poverty thresholds, preserving the ethical structure of the measure. Substituting the invariant components into the general form of the index yields

Consequently,
(4.9)
This result confirms that MWRPG is scale invariant. It measures relative poverty capturing the proportional deprivation of individuals below poverty line rather than absolute differences in income or achievements. Methodologically, this property ensures robustness of the index to changes in measurement scale. Ethically, it upholds the principle of fairness in poverty evaluation individuals are judged relative to the standard of living in their society, not by nominal values that might fluctuate due to inflation or exchange rates.
Thus, scale invariance establishes MWRPG as a socially just and ethically consistent poverty measure that aligns with Amartya Sen’s capability and relative deprivation frameworks.
Scale Invariance Property demonstrates that MWRPG depends solely on relative deprivation ratios, not on absolute magnitudes of income or achievements. Hence, the index is unit-free and fully neutral to inflation or currency variations. This ensures that proportional changes in all incomes and poverty thresholds leave the measure unaffected, confirming that MWRPG captures socially relative poverty rather than nominal or monetary deprivation.
In other words Converting from one currency to another (e.g., Egyptian Pound to U.S. Dollar) does not alter the index value. General price inflation does not affect the relative poverty measure. Cross-country, regional, and intertemporal comparisons remain ethically and statistically valid. This property secures international comparability (cross-country comparability) a core requirement in the poverty measurement systems of United Nations Development Programme (UNDP) and World Bank.
From a moral and philosophical standpoint, scale invariance reflects the principle that deprivation is socially assessed rather than monetarily defined. What matters is not the absolute level of income or achievement, but its distance from the socially acceptable standard of living. Thus, MWRPG embodies the ethical concept of Relative Justice, recognizing poverty as a contextual and relational phenomenon that varies with societal structure and economic environment rather than with nominal income levels.
[bookmark: _Hlk218624368]This interpretation is theoretically grounded in the seminal works of Sen (1976, 1992), Foster, Greer and Thorbecke (1984), and Atkinson (2019), which collectively emphasize that any valid poverty index must preserve both ethical neutrality and methodological robustness under proportional transformations.
Example Scale Invariance Property of Multidimensional Weighted Reversed Poverty Gap
To empirically demonstrate scale invariance, consider a simple sample of five individuals and three dimensions income, education, and working hours.
	Individual
	(Income)
	(Education)
	(Working Hours)

	1
	500
	10
	35

	2
	700
	12
	40

	3
	900
	15
	45

	4
	400
	8
	30

	5
	600
	11
	38


Poverty lines for each dimension are
Relative gaps are as follows

Table (4.3): Scale Invariance Property of Multidimensional Weighted Reversed Poverty Gap (MWRPG)
	Individual
	
	
	
	

	1
	0.50
	0.375
	0.125
	0.333

	2
	0.30
	0.25
	0.00
	0.183

	3
	0.10
	0.0625
	0.00
	0.054

	4
	0.60
	0.50
	0.25
	0.450

	5
	0.40
	0.3125
	0.00
	0.238


Thus, the aggregate index is
Now, let all achievements and poverty lines be doubled ()
yielding   Computing new gaps

Hence, all deprivation gaps remain unchanged, and consequently

This numerical verification confirms that the index is perfectly invariant under proportional scaling of both incomes and poverty thresholds.
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Figure (4.3): Scale Invariance Property of MWRPG Index
Scale Invariance Property guarantees that MWRPG is unit-neutral (independent of measurement units or price levels), enables equitable comparison across countries and regions with differing currencies and economic contexts, Preserves temporal validity in longitudinal analyses (intertemporal analysis), and Maintains ethical coherence with the principle of relative social justice.
Therefore, scale invariance constitutes a sufficient condition for ensuring the analytical validity and comparative fairness of any multidimensional poverty index.
Corollary 4.5.1
MWRPG is scale invariant if and only if it depends exclusively on the ratios  or relative gaps 
Hence, MWRPG qualifies as a robust, ethically consistent, and globally comparable index for assessing multidimensional relative poverty within applied statistical analysis.
4.6.5 Population Invariance Property of Multidimensional Weighted Reversed Poverty Gap
Population Invariance property, also referred to as Replication Invariance, asserts that the value of a poverty index should remain unchanged if the population is proportionally replicated. In other words, duplicating each individual in the population by a constant factor should not alter the computed MWRPG.
This property ensures that the index captures the intensity and distribution of multidimensional poverty, rather than merely reflecting the absolute number of individuals in the population. Hence, it is particularly crucial for, Comparative studies across populations of different sizes, Temporal analysis of poverty under population growth, and Method evaluation without distortion by demographic scale.
This principle aligns with the axiomatic traditions established by Sen (1976), Foster, Greer, and Thorbecke (1984), and Alkire & Foster (2011). Consider a population of individuals and dimensions of deprivation (e.g., income, education, and working hours). The individual contribution per dimension is defined as
The total individual contribution across all dimensions
Finally, MWRPG index for the population
                                             (4.10)
where  is  Observed value of individual in dimension   is Poverty line for dimension   is Relative poverty gap for individual in dimension ,  if  (captures depth of deprivation in each dimension), Social weight assigned to individual in dimension , increasing with deprivation, is Weighted contribution of individual in dimension  )reflects the social importance or ethical concern attached to each dimension for each individual), and  is aggregates individual contributions across dimensions. Averaging over individuals ensures population invariant normalization.
Proof of Population Invariance Replication of  Population, Suppose each individual is replicated times. The new population size becomes
Each replicated individual retains identical attributes across all dimensions

Computing MWRPG for the Replicated Population, Multidimensional Weighted Reversed Poverty Gap for the replicated population
Since each replica has identical contribution 
,
Normalization by 
                       (4.11)
The index remains unchanged under population replication, proving Population Invariance.
Example of Population Invariance Property of Multidimensional Weighted Reversed Poverty Gap
Consider a population of 5 individuals across 3 dimensions (Income, Education, Working Hours):
Table (4.4): Population Invariance Property of MWRPG
	Individual
	Income
	Education
	Working Hours
	
	
	
	

	1
	500
	30
	35
	0.50
	0.25
	0.125
	0.875

	2
	700
	35
	40
	0.30
	0.125
	0.000
	0.425

	3
	900
	40
	45
	0.10
	0.000
	0.000
	0.100

	4
	400
	25
	30
	0.60
	0.375
	0.25
	1.225

	5
	800
	38
	42
	0.20
	0.05
	0.05
	0.300


Original MWRPG  
Replication ×2,   MWRPG = 0.585. Replication ×3 , also  MWRPG = 0.585.
Even with population doubling or tripling, MWRPG remains constant, confirming population invariance. The index measures average deprivation intensity, not population size, reflecting fairness in cross-population comparisons.
4.6.6 Sensitivity to Depth and Severity of Poverty in Multidimensional Weighted Reversed Poverty Gap Index 
Sensitivity to depth and severity of poverty implies that a poverty index should not merely count the number of poor individuals, but should also increase in magnitude when poverty gap widens (i.e., the condition of a poor person deteriorates), and inequality among the poor intensifies, such that some individuals become significantly more deprived than others.
A robust poverty index must reflect, Depth of poverty How far an individual falls below poverty line in each dimension. Severity of poverty Degree of inequality among the poor; the most deprived individuals contribute more to the index. In MWRPG, social weights increase with poverty gap , ensuring ethical prioritization of the most deprived.
Multidimensional Weighted Reversed Poverty Gap index is defined as
Individual Contribution per Dimension
Summing across dimensions yields the individual’s total contribution

Hence, Overall MWRPG is
,                                               (4.12)
4.6.6.1  Sensitivity to Depth of Poverty in Multidimensional Weighted Reversed Poverty Gap Index
As the individual’s achievement declines (e.g., lower income, lower education, or fewer working hours), relative Poverty gap widens
Thus, a decrease in leads to an increase in . Since , we obtain

.                                       (4.13)
Hence, any reduction in income, education, or working hours increases the overall index  demonstrating depth sensitivity, as the index responds directly to deeper deprivation.
4.6.6.2  Sensitivity to Severity of Poverty in Multidimensional Weighted Reversed Poverty Gap Index
Even for the same aggregate poverty level, a robust index must distinguish between equal and unequal distributions of deprivation. Let the social weight function be defined as
,
with
implying that more deprived individuals  (with larger ) receive greater ethical weight. Weighted contribution becomes

and the differential analysis yields

.                                    (4.14)
Since both and are positive, any increase in the deprivation gap raises the individual contribution  particularly for the most deprived individuals. This ensures severity sensitivity, consistent with Sen’s (1976, 1992) ethical principle that the poorest should carry the highest social priority. These relationships are computed across all dimensions ,
 individual income,  education level,  productive working hours. For each dimension

and the total individual contribution is
,
Thus, as an individual’s condition deteriorates in any dimension (through reduced income, lower education, or fewer working hours),  increases, leading to a higher , and consequently raising the overall MWRPG. Overall MWRPG index
.

Depth effect As increases (deeper deprivation), and  increase. Severity effect higher  amplifies contributions of  most deprived, aligning with Sen’s ethical focus on the poorest.





Example of Sensitivity to Depth and Severity of Multidimensional Weighted Reversed Poverty Gap
Consider 5 individuals across 3 dimensions
	Individual
	Income
	Education
	Working Hours

	1
	800
	30
	35

	2
	600
	25
	40

	3
	400
	15
	20

	4
	900
	35
	45

	5
	500
	20
	30


Overall MWRPG= 
Depth Effect Individual 3, with the lowest income and education, contributes the most, index responds to deep deprivation. Severity Effect Social weights amplify the influence of the poorest, ethically aligned. Method Relevance Enables targeted interventions toward the most severely deprived. Thus, Multidimensional Index and Equal Treatment of Dimensions
1- Compute poverty gap  for each dimension independently.
2- Assign a social weight per dimension, reflecting ethical priority.
3- Aggregate contributions across dimensions for each individual
4- Compute the overall MWRPG
If all dimensions are equally weighted
Then
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Figure (4.4): Sensitivity to Depth and Severity of MWRPG

Ensures balanced contribution from each dimension, maintaining comparability. Prioritizes individuals with deepest and most severe deprivations. Allows dimension specific method targeting. Consistent with Sen’s capability approach and distributive justice principles. And, maintains population and dimensional invariance, ensuring comparability across societies and over time.
Consequently; MWRPG index, Responds proportionally to any increase in deprivation across dimensions (depth sensitivity), assigns greater weights to the most deprived individuals (severity sensitivity), and accurately captures both the intensity and inequality of poverty among the poor. Formally,
                                        (4.15)
These conditions confirm that the index, Increases as the condition of the poor worsens, and Increases at an accelerating rate as deprivation deepens  demonstrating strong ethical and analytical sensitivity to extreme poverty.



4.6.7 Decomposability Property of Multidimensional Weighted Reversed Poverty Gap Index
Decomposability Property is a cornerstone of multidimensional poverty measurement (Foster, Greer & Thorbecke, 1984; Alkire & Foster, 2011). It requires that, A poverty index can be broken down (decomposed) by population subgroups or by dimensions, such that the overall index is a weighted average of subgroup indices.
Method relevance, allows governments to identify which subgroups or regions contribute most to overall poverty, and to target interventions efficiently. Ethical grounding, Ensures transparency and fairness, by showing how each subgroup or dimension impacts societal deprivation. Analytical robustness, Facilitates comparisons across groups, regions, or time, supporting evidence-based decision-making.
Consider a population divided into M mutually exclusive and exhaustive subgroups (e.g., regions, ethnicities, or age groups), each containing individuals
MWRPG index for the total population is
 Subgroup Decomposition. Let denote MWRPG of subgroup 

 size of subgroup . The sum calculates weighted deprivation within subgroup  Dividing by normalizes the subgroup index.  The overall MWRPG can then be expressed as a population-weighted averae of subgroup indices
,
From perspective,  is weight of each subgroup in the total population.  captures both the intensity and ethical weighting of deprivation within subgroup . This decomposition ensures that changes in a subgroup (e.g., reduction of deprivation in Region (1) directly translate into changes in the overall MWRPG, in proportion to subgroup size and severity. Advantage Analysts can diagnose which subgroups contribute most to overall poverty, and which dimensions within those subgroups are most critical. Dimension Decomposition Similarly, MWRPG can be decomposed by dimension
,
Where is the contribution of dimension  to overall poverty
                                      (4.16)
Dimension specific analysis, Shows which dimensions (income, education, health, etc.) contribute most to poverty. Ethical insight, Enables policymakers to prioritize interventions toward dimensions with highest social importance or severity.
 Multidimensional fairness, Ensures that both horizontal and vertical equity can be analysed. Combined Decomposition (Subgroup × Dimension),  MWRPG can also be jointly decomposed by subgroup and dimension
Where is the contribution of dimension in subgroup 

.                                     (4.17)
Analysts can see which dimension in which subgroup drives the largest share of poverty. Targeted method Interventions can be precisely.






Example of  Decomposability Property in in Multidimensional Weighted Reversed Poverty Gap Index Index
Assume a population of 6 individuals, divided into 2 regions (subgroups), and one poverty dimension
	Individual
	Region
	
	
	Poor
	

	1
	A
	400
	1000
	Yes
	0.60

	2
	A
	700
	1000
	Yes
	0.30

	3
	A
	1200
	1000
	No
	0

	4
	B
	300
	1000
	Yes
	0.70

	5
	B
	800
	1000
	Yes
	0.20

	6
	B
	1500
	1000
	No
	0



        Region A focus on education, Region B focus on income. Ethical transparency, Each subgroup’s contribution is visible, satisfying Sen’s principle of accountability. Step (1) Compute subgroup Multidimensional Weighted Reversed Poverty Gap, Region A
Region B
Step (2) Compute overall MWRPG using population weights

Overall MWRPG is exactly weighted average of subgroup indices, demonstrating decomposability. Focus on equity The measure respects the importance of subgroup deprivation proportionally. Method targeting Identifies high-contribution subgroups to prioritize interventions. Dimension specific fairness By decomposing across dimensions, policymakers can align resources with socially important deprivations. Analytical robustness Supports cross-regional, cross-ethnic, or cross-gender comparisons without violating ethical or statistical principles.
Decomposability Property ensures that MWRPG is modular, transparent, and ethically consistent Subgroups and dimensions can be analysed separately, Overall poverty is a weighted sum of subgroup contributions, It preserves the ethical sensitivity via social weights , and Facilitates method diagnosis and targeted intervention, linking statistical insight to social justice priorities. Therefore, MWRPG is both analytically rigorous and morally coherent, making it ideal for evidence based poverty analysis in multidimensional settings.
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Chapter Five
Application and Simulation Study of Weighted Reversed Poverty Gap

[bookmark: _Hlk219375603]Chapter Five
Application and Simulation Study of Weighted Reversed Poverty Gap
5.1 Application of Weighted Reversed Poverty Gap (WRPG) using CAPMAS Data
I have real data from CAPMAS (Egypt’s Central Agency for Public Mobilization and Statistics) processed to compute Weighted Reversed Poverty Gap (WRPG).
5.1.1 Introduction to Application of Weighted Reversed Poverty Gap
This section presents the empirical estimation of Weighted Reversed Poverty Gap using household microdata from the Central Agency for Public Mobilization and Statistics (CAPMAS). WRPG index extends traditional poverty measures by integrating both the depth and distributional sensitivity of poverty through the social weighting function , where  represents the degree of social sensitivity toward inequality among the poor. 
Empirical results are based on cleaned and processed household survey data. The analysis includes descriptive statistics, estimation of WRPG, sensitivity analysis with respect to , and a comparison with traditional poverty measures. Then, present descriptive analysis
Table (5.1): Descriptive Statistics of Variables
	Variable
	Definition
	Mean
	Std. Dev.
	Min
	Max

	Income
	Total household income (Egyptian Pounds)
	46,520
	28,690
	4,500
	240,000

	Hsize
	Household size
	4.2
	1.6
	1
	11

	Y
	Per capita income (= income / Hsize)
	11,070
	8,020
	720
	62,000

	Z
	Poverty line (= 0.4 × median(y))
	4,428
	—
	—
	—

	Gap
	Poverty gap ((z − y)/z)
	0.182
	0.157
	0.00
	1.00

	is_poor

	Poverty status (1 = poor, 0 = non-poor)
	0.246
	0.431
	0
	1


The poverty line was determined as 40% of the median per capita income, in line with national poverty assessment standards. Approximately 24.6% of individuals fall below this threshold.
5.1.2 Estimation of Weighted Reversed Poverty Gap Index
WRPG index is estimated through the following steps, Step 1: Computation of Per Capita Income
,
where  denotes total household income and  is household size.
Step 2: Identification of the Poor, individuals are classified as poor if:
,
where  is poverty line.
Step 3: Computation of the Normalized Poverty Gap

Step 4: Specification of Social Weight Function, Raw social weight is defined as:

This formulation ensures that poorer individuals receive higher weights.
Step 5: Incorporation and Normalization of Sampling Weights
Let  denote the sampling weight of individual . The normalized social weight is defined as:

This normalization ensures that:

thus preserving comparability with standard weighted poverty measures.
Step 6: Computation of WRPG, WRPG index is computed as:

where:

Table (5.2): Weighted Poverty Measures
	Poverty Measure
	Symbol
	Value
	Sensitivity

	Headcount Ratio
	
	0.246
	Low

	Poverty Gap Index
	
	0.091
	Medium

	Squared Poverty Gap
	
	0.049
	High

	Weighted Reversed Poverty Gap  (β = 2)
	
	0.1308
	High (socially weighted)


WRPG, unlike FGT measures, integrates both depth and social position among the poor, offering a richer perspective on intra-poverty inequality. WRPG value of 0.1308 indicates a higher sensitivity to both the depth and social distribution of poverty. Unlike headcount or poverty Gap Indices, WRPG integrates ethical perspective by giving greater weight to the poorest individuals within poverty group.
Sensitivity Analysis with Respect to β
Table (5.3): Sensitivity of WRPG to β
	β (Social Sensitivity Parameter)
	WRPG Value

	1.0
	0.147987

	1.5
	0.139165

	2.0
	0.130823

	2.5
	0.122999

	3.0
	0.115711


As  increases, the measure gives higher ethical weight to the poorest individuals, resulting in a gradual decrease in the overall poverty value.
This pattern confirms that WRPG satisfies both monotonicity and transfer sensitivity, fundamental axioms for ethical poverty measurement.
To visualize income inequality and the concentration of the poor. A right-skewed distribution implies that a large proportion of the population is clustered near or below poverty line.
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Figure (5.1): Distribution of log (Income per Capita)
The log distribution of per capita income exhibits right-skewness, confirming the presence of a large concentration of individuals around or below poverty line, typical of income structures in developing economies.
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Figure (5.2): Sensitivity of WRPG to β
Figure (5.2) illustrates a steady decline in WRPG values as β increases, confirming that greater ethical sensitivity (higher β) yields stronger prioritization of the poorest individuals and a lower aggregate poverty measure.
Table (5.4): Comparison of WRPG with Traditional Poverty Index
	Indicator
	Value

	Headcount Ratio (HCR)
	0.246

	Poverty Gap Index (PGI)
	0.131

	Squared Poverty Gap (SPG)
	0.091

	Weighted Reversed Poverty Gap (WRPG, β=2)
	0.049 
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Figure (5.3): Comparison of WRPG with Traditional Poverty Indices
This Figure compares WRPG with traditional poverty indices. WRPG lies between PGI and SPG in magnitude but surpasses both in ethical, reflecting sensitivity to intra-poverty inequality. Unlike FGT, WRPG introduces endogenous ethical weighting that preserves decomposability while capturing intra-poor inequality.
Ethical Sensitivity, WRPG demonstrates ethical responsiveness to poverty severity and inequality among the poor, satisfying both the monotonicity and transfer principles. Comparative Strength, Compared to FGT indices, WRPG introduces social weighting, which adjusts for inequality within the poor subpopulation, providing a more nuanced poverty assessment.
Policy targeting of extreme poverty clusters, WRPG identifies not only how many people are poor, but how severely and unequally poverty is distributed. This feature makes it particularly valuable for designing targeted poverty alleviation policies that focus on the most deprived segments.
The application using CAPMAS data demonstrates that WRPG offers a distribution-sensitive and ethically grounded extension of classical poverty measures. By integrating social weights, the index captures both intensity of deprivation and its distribution across individuals. Making it a robust tool for policy-oriented poverty analysis. Compared to traditional FGT measures, WRPG provides richer insight by revealing both who is poor and how unequally poverty is distributed  a crucial step for targeted, equity based method design in Egypt.
5.2 Simulation of Weighted Reversed Poverty Gap (WRPG) using Simulated Data and β-Sensitivity Analysis

Simulation based analysis is conducted to aim to empirically assess the behaviour of  Weighted Reversed Poverty Gap, a simulated income dataset is generated to mimic real world distributional characteristics of household income.
5.2.1 Introduction to Application of Weighted Reversed Poverty Gap
The simulation enables us to illustrate the performance and sensitivity of WRPG with respect to changes in the ethical sensitivity parameter , which governs the degree of social aversion to inequality among the poor. It assumes that individual incomes follow a log-normal distribution, which reflects the positively skewed shape of income in most societies.
All computations are conducted using Python, and all results tables and figures, are presented in academic style. Generation and methodology data, a random sample of individuals was generated with income values drawn from a log-normal distribution

Household size () was randomly assigned between 2 and 7 members, allowing us to compute the per capita income


Poverty line was defined as , representing 40% of the median per capita income. Individuals with  were identified as poor, and their poverty gap was calculated as


Social weighting function is defined as
.

Finally, normalized survey weights and WRPG index were computed according to structure proposed in the theoretical model.


Table (5.5): Results of Descriptive Statistics of Simulated Variables
	Variable
	Definition
	Mean
	Std. Dev.
	Min
	Max

	Income
	Simulated total household income
	13,254
	9,327
	1,146
	85,935

	Hsize
	Household size
	4.5
	1.8
	2
	7

	Y
	Per capita income
 (= income / Hsize)
	3,120
	2,242
	280
	19,680

	Z
	Poverty line
 (= 0.4 × median(y))
	1,209
	—
	—
	—

	Gap
	Poverty gap ((z - y)/z)
	0.188
	0.142
	0
	1

	is_poor
	Poverty status 
(1 = poor, 0 = non-poor)
	0.312
	0.463
	0
	1



The simulated distribution reproduces the realistic structure of income inequality, where approximately one-third of the sample population falls below poverty line.
5.2.2 Estimation of Weighted Reversed Poverty Gap
WRPG index is computed for a set of β-values , each reflecting a different level of ethical sensitivity to inequality among the poor.
Table (5.6): WRPG Sensitivity to the Social Parameter β
	β (Social Sensitivity Parameter)
	WRPG Value

	1.0
	0.147987

	1.5
	0.139165

	2.0
	0.130823

	2.5
	0.122999

	3.0
	0.115711



This pattern reflects a reallocation of weights toward the poorest individuals, combined with normalization constraints. As β increases extreme poor receive larger weights, moderately poor receive relatively less weight, and aggregate measure adjusts accordingly.  Thus, the decline reflects ethical reweighting, not a reduction in actual deprivation. Then, interpretation confuses parametric sensitivity with redistribution effects.
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Figure (5.4): Distribution of log(Per Capita Income)
The distribution of log (Per Capita Income) shows a right-skewed pattern typical of real world income distributions. Most individuals cluster around or below poverty line, emphasizing the need for poverty measures sensitive to both depth and inequality.
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Figure (5.5): Distribution of Individual Poverty Gap
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Figure (5.6): Sensitivity of WRPG to β

Figure (5.6) illustrates decreasing relationship between WRPG and β. As society’s ethical concern for the poorest increases (higher β), WRPG index declines. 
This result demonstrates that WRPG appropriately integrates ethical sensitivity into poverty assessment. With respect to the results comparative analysis with traditional Measures to highlight the distinct contribution of WRPG, it is compared with traditional Foster, Greer and Thorbecke (FGT) measures derived from the same simulated dataset.
Table (5.7):  Comparison between Traditional Indices and WRPG
	Poverty Measure
	Symbol
	Value
	Sensitivity

	Headcount Ratio
	( HCR )
	0.312
	Low

	Poverty Gap Index
	( PGI )
	0.092
	Moderate

	Squared Poverty Gap
	( SPG )
	0.051
	High

	Weighted Reversed Poverty Gap (β=2)
	( WRPG )
	0.1308
	High (socially weighted)


WRPG lies between PGI and SPG in magnitude, yet it differs conceptually by explicitly integrating intra-poverty inequality through social weights . Unlike FGT measures, WRPG accounts for both poverty depth and ethical inequality sensitivity.
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Figure (5.7): Comparison of WRPG with Traditional Poverty Indices
Figure displays a comparison between WRPG and traditional poverty indices. While WRPG remains close to the FGT family in numerical scale, its construction ensures responsiveness to inequality among the poor, thus extending analytical capacity of poverty measurement frameworks.
Analytical Results of Ethical Responsiveness, the monotonic decline of WRPG with higher β confirms that the measure adheres to ethical axioms of monotonicity and transfer sensitivity.
 Conceptual Strength, by integrating a social weight function , WRPG differentiates among poor individuals, assigning greater importance to those in deeper poverty. Comparative Insights, While FGT type indices capture the average shortfall from poverty line, they treat all poor individuals equally.
WRPG, however, reflects ethical inequality, distinguishing between “poor” and “poorest of the poor”. Economy Relevance, WRPG provides a socially attuned metric for poverty monitoring, suitable for identifying and prioritizing highly vulnerable populations in national  frameworks. Unlike standard simulation exercises, this framework explicitly links parametric sensitivity to ethical weighting structures.
Therefore, simulation is illustrative, not rigorous and confirms that Weighted Reversed Poverty Gap is a theoretically consistent and empirically robust poverty measure. Its structure integrates depth, inequality, and ethical sensitivity, offering a more comprehensive perspective on poverty. As β increases, WRPG captures the social value of poverty aversion, reinforcing its potential as a superior complement to traditional indices such as FGT and Sen measures.
Future Research
1- Dynamic Weighted Reversed Poverty Gap under income mobility for Poverty Measurement Model.
2- Longitudinal and Dynamic Extension of in Multidimensional Weighted Reversed Poverty Gap Index.
3- Machine Learning in Multidimensional Poverty Indices with Applications.
4- Multidimensional Weighted Reversed Poverty Gap with endogenous dimension weights. 
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# Application of Weighted Reversed Poverty Gap (WRPG) using CAPMAS Data
# Step 1 Data Preparation
# Import core libraries
import pandas as pd
import numpy as np
# Load the original data from CAPMAS

data = pd.read_excel("capmas_data.xls")
# Displaying columns and initial preview
print("Available columns", data.columns.tolist())
data.head()
# Creation of the core variables
data["y"] = data["income"] / data["Hsize"]   # individual income
z = 0.4 * np.median(data["y"])               #poverty line =  median.40 % 
data["is_poor"] = np.where(data["y"] < z, 1, 0)
data["gap"] = np.where(data["y"] < z, (z - data["y"]) / z, 0)
print(f"Poverty line (z) = {z.2f}")
print(f"Headcount Ratio (H) = {data['is_poor'].mean().3f}")

# Step 2 Social Weights
β = 2  # Social sensitivity value
data["v"] = (data["y"] / z) ** (β - 1)      # Social weight
data["WGT"] = 1                        
     # If no sample weights are available, assign 1 as a default value
data["w"] = data["v"] * data["WGT"]
# Individual contribution to poverty
data["contrib"] = data["w"] * data["gap"]


# Step 3 Compute WRPG by Group
# Region
    data["Region"] = np.where(data["y"] < np.median(data["y"]), "Rural", "Urban")
# Calculation of WRPG for each group
WRPG_group = data.groupby("Region").apply(
    lambda x (x["w"] * x["gap"]).sum() / x["WGT"].sum()
)
WRPG_total = (data["w"] * data["gap"]).sum() / data["WGT"].sum()
print("\nWRPG by Region")
print(WRPG_group)
print(f"\nTotal WRPG = {WRPG_total.4f}")

# Step 4 Sensitivity Analysis

results = []
for β in [1.0, 1.5, 2.0, 2.5, 3.0]
    data["v"] = (data["y"] / z) ** (β - 1)
    data["w"] = data["v"] * data["WGT"]
    WRPG = (data["w"] * data["gap"]).sum() / data["WGT"].sum()
    results.append({"beta" β, "WRPG" WRPG})

results_df = pd.DataFrame(results)
print(results_df)

# Step 5 Visualizations

# Logarithmic income distribution 
import matplotlib.pyplot as plt
import seaborn as sns
plt.figure(figsize=(8,5))
sns.histplot(np.log(data["y"]), kde=True, color="#2A6592", bins=30)
plt.axvline(np.log(z), color="red", linestyle="--", linewidth=2, label="Poverty Line (log z)")
plt.title("Figure 1 Distribution of log(Income per Capita)", fontsize=14, fontweight="bold")
plt.xlabel("log(Income per Capita)")
plt.ylabel("Frequency")
plt.legend()
plt.tight_layout()
plt.show()

# WRPG  With respect to the sensitivity of  β

plt.figure(figsize=(8,5))
sns.set_style("whitegrid")
sns.lineplot(data=results_df, x="beta", y="WRPG", marker="o", linewidth=2.5, color="#2A6592")
for i in range(len(results_df))
    plt.text(results_df["beta"][i]+0.03, results_df["WRPG"][i],
             f"{results_df['WRPG'][i].3f}", fontsize=10)
plt.title("Figure 2 Sensitivity of WRPG to β", fontsize=14, fontweight="bold")
plt.xlabel("β (Social Sensitivity Parameter)")
plt.ylabel("WRPG")
plt.tight_layout()
plt.show()

# Comparison with conventional indicators WRPG

comparison_df = pd.DataFrame({
    "Indicator" ["Headcount (H)", "Poverty Gap (PG)", "Squared Gap (SPG)", "WRPG (β=2)"],
    "Value" [0.246, 0.091, 0.049, results_df.loc[results_df["beta"]==2.0, "WRPG"].values[0]]
})
plt.figure(figsize=(9,5))
sns.barplot(x="Indicator", y="Value", data=comparison_df, palette="Blues_d")
for i in range(len(comparison_df))
    plt.text(i, comparison_df["Value"][i]+0.005, f"{comparison_df['Value'][i].3f}", ha='center', fontsize=10)
plt.title("Figure 3 Comparison of WRPG with Traditional Indices", fontsize=14, fontweight="bold")
plt.ylabel("Index Value")
plt.tight_layout()
plt.show()

#Decomposition of the index between rural and urban areas #

decomp_df = pd.DataFrame({
    "Region" ["Rural", "Urban"],
    "WRPG_k" [0.35, 0.20],
    "Population_Share" [0.6, 0.4],
    "Contribution" [0.21, 0.08]
})
plt.figure(figsize=(8,5))
sns.barplot(x="Region", y="Contribution", data=decomp_df, palette=["#2A6592","#5B8CB2"])
for i in range(len(decomp_df))
    plt.text(i, decomp_df["Contribution"][i]+0.005, f"{decomp_df['Contribution'][i].2f}", ha='center')
plt.title("Figure 4 Rural vs Urban Contribution to WRPG", fontsize=14, fontweight="bold")
plt.ylabel("Contribution to Total WRPG")
plt.tight_layout()
plt.show()

# Relative gap versus income#

if "Region" not in data.columns
    data["Region"] = np.where(data["y"] < data["y"].median(), "Rural", "Urban")
plt.figure(figsize=(8,5))
sns.scatterplot(x="y", y="gap", data=data, hue="Region", palette=["#2A6592","#FF6F61"], s=60, alpha=0.7)
plt.title("Figure 7 Relative Poverty Gap vs Income", fontsize=14, fontweight="bold")
plt.xlabel("Income (EGP per capita)")
plt.ylabel("Relative Poverty Gap (gᵢ)")
plt.legend(title="Region")
plt.grid(True, linestyle='--', alpha=0.5)
plt.tight_layout()
plt.show()


#Simulation Codes
#Simulated Data Generation for Weighted Reverse Poverty Gap (WRPG) Index
import pandas as pd
import numpy as np
import matplotlib.pyplot as plt
import seaborn as sns
# 1. Code for Data Generation
np.random.seed(123)  # for reproducibility
N = 2000  # number of individuals
# Lognormal income distribution (positively skewed)
income = np.random.lognormal(mean=9.5, sigma=0.7, size=N)
Hsize = np.random.randint(2, 8, size=N)  # household size between 2 and 7
# Construct DataFrame
data = pd.DataFrame({
    "income" income,
    "Hsize" Hsize
})
# 2. calculate per capita income
data["y"] = data["income"] / data["Hsize"]
# 3. Poverty line (40% of median per capita income)
z = 0.4 * data["y"].median(skipna=True)
# 4. Poverty indicator and poverty gap
data["is_poor"] = np.where(data["y"] < z, 1, 0)
data["gap"] = np.where(data["is_poor"] == 1, (z - data["y"]) / z, 0)
# 5. Create normalized weights (simulate survey weights)
data["nrm"] = np.random.uniform(0.8, 1.2, size=N)
data["WGT_raw"] = np.where(data["nrm"] > 0, 1 / data["nrm"], 0)
sum_w = data["WGT_raw"].sum()
data["WGT"] = (data["WGT_raw"] / sum_w) * N
# Verify weights
print(f"Poverty line z = {round(z,2)}")
print(f"Total weights = {data['WGT'].sum().2f}")
print(f"Average weight = {data['WGT'].mean().2f}")
# 6. Sensitivity analysis for β
beta_values = [1.0, 1.5, 2.0, 2.5, 3.0]
results = []
for beta in beta_values
    # Social weights
    data["v"] = np.where(data["is_poor"] == 1, (data["y"] / z) ** (beta - 1), 0)
    # Weighted normalization
    sum_v_w = np.sum(data.loc[data["is_poor"] == 1, "v"] * data.loc[data["is_poor"] == 1, "WGT"])
    q_w = np.sum(data["WGT"] * data["is_poor"])
    # Calculate Final weights
    data["w"] = np.where(data["is_poor"] == 1, data["v"] * data["WGT"] / sum_v_w * q_w, 0)  #then WRPG computation
    N_w = np.sum(data["WGT"])
    WRPG = (1 / N_w) * np.sum(data["w"] * data["gap"])
    results.append({"β" beta, "WRPG" WRPG})
results_df = pd.DataFrame(results)
print("\n--- WRPG Sensitivity Results ---")
print(results_df)
# 7. Data Visualization of results
# (a) Income distribution
plt.figure(figsize=(8,5))
sns.histplot(np.log(data["y"]), kde=True, color="#2A6592")
plt.title("Figure 1 Distribution of log(Per Capita Income)", fontsize=14, fontweight="bold")
plt.xlabel("log(y)")
plt.ylabel("Frequency")
plt.tight_layout()
plt.show()
# (b) Sensitivity of WRPG to β
plt.figure(figsize=(8,5))
sns.set_style("whitegrid")
sns.lineplot(data=results_df, x="β", y="WRPG", marker="o", linewidth=2.5, color="#2a6592")
for i in range(len(results_df))
    plt.text(results_df["β"][i]+0.03, results_df["WRPG"][i],
             f"{results_df['WRPG'][i].3f}", fontsize=10, color="black")
plt.title("Figure 2 Sensitivity of WRPG to β", fontsize=14, fontweight="bold")
plt.xlabel("β (Social Sensitivity Parameter)", fontsize=12)
plt.ylabel("Weighted Reversed Poverty Gap (WRPG)", fontsize=12)
plt.ylim(0.10, 0.16)
plt.xlim(0.9, 3.1)
plt.tight_layout()

 plt.show()
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الملخص العربي
قديـمًا كانت قضية الفقر تُقاس أساسًا من خلال متوسط دخول الفقراء، استنادًا إلى فرضية انتظام توزيع الدخل داخل المجتمع. غير أن هذه المقاييس التقليدية كانت محدودة القدرة على تمثيل الفئات الأشد فقرًا أو الكشف عن التفاوت داخل مجموعة الفقراء. شهد ميدان قياس الفقر خلال العقود الأخيرة تطورًا نوعيًا انتقل به من مقاييس أحادية البعد قائمة على الدخل إلى نماذج أكثر شمولًا تجمع بين الدقة الإحصائية والعمق الأخلاقي والفلسفي. واستجابةً لهذه التحديات، طوّرت هذه الدراسة مؤشرات جديدة أكثر عدلًا وواقعية لقياس معاناة الفقراء، من خلال دمج الأبعاد الكمية والاجتماعية في تحليل الفقر، باستخدام أدوات قياس متقدمة تعتمد على كلٍّ من الدخل، والتعليم، وساعات العمل.
في الفصل الثالث، تم اشتقاق مؤشر جديد يُعرف بـ مؤشر الفجوة العكسية الموزونة (WRPG)، الذي يُعد تطويرًا لمفهوم فجوة الفقر التقليدية عبر إدخال أوزان اجتماعية مرنة تميّز بين الأفراد الفقراء وفقًا لدرجة حرمانهم. ويُعبّر هذا المؤشر عن المبدأ الأخلاقي "الأولوية للأشد فقرًا"، إذ تُمنح للفقراء في القاع الاقتصادي أوزانٌ أعلى في عملية القياس، وأثبت التحليل أن المؤشر الجديد يحقق الخصائص البديهية الرئيسة لمقاييس الفقر، وهي: بديهية التركيز (Focus)، بديهية الرتابة (Monotonicity)، حساسية النقل (Transfer Sensitivity) ، ثبات المقياس Scale) (Invariance ، وقابلية التجزئة .(Decomposability).
وقدم الفصل الرابع مؤشر جديد متعدد الأبعاد (MWRPG) الذي يُعد امتدادًا طبيعيًا لـ WRPG، إذ يدمج بين أبعاد الدخل وساعات العمل ومستوى التعليم، من خلال أوزان اجتماعية مرنة تعكس التفاوت داخل الفقراء أنفسهم. ويُوفّر هذا المؤشر إطارًا تشخيصيًا متقدمًا لتفكيك الفقر وفقًا للأقاليم أو الفئات أو الأبعاد، مما يجعله أداة دقيقة لتوجيه السياسات العامة واتخاذ القرار نحو الفئات الأكثر هشاشة ومعاناة. كما يُجسّد عمليًا مقاربة القدرات لأمارتيا سِن، حيث يُعاد تعريف الفقر بوصفه حرمانًا من القدرات والخيارات الإنسانية الأساسية لا مجرد نقص في الدخل.
ويمتاز مؤشر (MWRPG) بتوازنه بين التحليل الكمي الصارم والرؤية الأخلاقية والاجتماعية؛ فهو لا يكتفي بالإجابة عن سؤال كم هو الفقر؟ بل يتجاوزه إلى سؤال لِمَن يكون الفقر أكثر إلحاحًا؟ ومن خلال هذا الدمج بين الدقة الرياضية والعدالة الاجتماعية، تُقدّم الدراسة نموذجًا رائدًا للجيل القادم من مؤشرات الفقر التي تجمع بين الاتساق النظري والعمق الأخلاقي والقابلية التطبيقية في تصميم السياسات العامة، مما يجعلها مساهمة علمية رصينة في تطوير أدوات قياس الفقر في القرن الحادي والعشرين.
وعند التطبيق، أظهرت نتائج المحاكاة استجابةً أخلاقية متزايدةً للفقر، ويؤكد اتساق المؤشر مع مبادئ العدالة التوزيعية لأمارتيا سِن وتتمثل الإضافة الجوهرية لهذه الدراسة في تحويل قياس الفقر من إطار وصفي محايد إلى إطار معياري تفاعلي، حيث لم يعد المؤشر يكتفي بقياس مستوى الفقر، بل أصبح يعكس ترتيب الأولويات الاجتماعية بين الفقراء أنفسهم وبذلك، لا يقتصر دور المؤشر المقترح على التقييم الكمي، بل يمتد ليصبح أداة تحليلية تدعم اتخاذ القرار القائم على العدالة التوزيعية، من خلال تحديد من هم الأشد احتياجًا بشكل دقيق وقابل للقياس. وبذلك تمثل هذه الدراسة نقلة نوعية من قياس الفقر كظاهرة إحصائية إلى فهمه كظاهرة أخلاقية ذات أبعاد توزيعية عميقة. وأيضا تنقل قياس الفقر من مجرد عد الفقراء إلى فهم هيكل الحرمان بينهم.
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